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Abstract 

We consider the type II superstring compactified on Calabi-Yau threefolds, at finite tem- 
perature. The latter is implemented at the string level by a free action on the Euchdean 
time circle. We show that all Kahler and complex structure moduli involved in the gauge 
theories geometrically engineered in the vicinity of singular loci are lifted by the stringy 
thermal effective potential. The analysis is based on the effective gauged supergravity at 
low energy, without integrating out the non-perturbative BPS states becoming massless at 
the singular loci. The universal form of the action in the weak coupling regime and at low 
enough temperature is determined in two cases. Namely, the conifold locus, as well as a locus 
where the internal space develops a genus- (? curve of Ajv-i singularities, thus realizing an 
SU{N) gauge theory coupled to g hypermultiplets in the adjoint. In general, we argue that 
the favored points of stabilization sit at the intersection of several such loci. As a result, the 
entire vector multiplet moduli space is expected to be lifted, together with hypermultiplet 
moduli. The scalars arc dynamically stabilized during the cosmological evolution induced 
by the back-reaction of the thermal effective potential on the originally static background. 
When the universe expands and the temperature T drops, the scalars converge to minima, 
with damped oscillations. Moreover, they store an energy density that scales as T^, which 
never dominates over radiation. The reason for this is that the mass they acquire at one-loop 
is of order the temperature scale, which is time-dependent rather than constant. As an ex- 
ample, we analyze the type llA compactification on a hypersurface P^^ 6)[^2]' with Hodge 
numbers hu = 2 and hi2 = 128. In this case, both Kahler moduli are stabilized at a point, 
where the internal space develops a node and an enhanced SU (2) gauge theory coupled to 2 
adjoint hypermultiplets. This shows that in the dual thermal heterotic picture on K3 x T^, 
the torus modulus and the axio-dilaton are stabilized, though in a strong coupling heterotic 
regime. 
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1 Introduction 



The presence of moduli fields in supersymmetric compactifications of string theory leads to 
difficulties. Massless scalars are not only in contradiction with observations of the gravita- 
tional force (see for example (^), they also lead to continuous parameters in the couplings 
and mass spectrum, implying a loss of predictability of the theory. Moreover, moduli spaces 
which are nothing but the flat directions of a scalar potential often admit particular loci, 
where states generically massive become massless. In the literature, several mechanisms indi- 
cate these loci correspond to dynamically preferred values of the scalar vacuum expectations 
values (VEV's). In the context of M-theory or type II compactifications on Calabi-Yau (CY) 
spaces, it is shown in [2j that if the scalars are given initial conditions away from the min- 
ima of the potential, their temporal trajectories are attracted toward the loci of additional 
massless states. In fs], the scalar initial conditions are set along the fiat directions, but with 
non-trivial velocities. The moduli motion induces particle productions, whose back-reaction 
implies again an attraction toward the same loci. However, if the scalars are initially along 
their fiat directions and static, the above mechanisms are ineffective. Moreover, even in 
the cases they manage to dynamically select expectation values, the moduli fields remain 
massless at the end of the process, and additional massless scalars may even be present at 
these particular points. 

On the contrary, the existence of fiat directions in non-supersymetric theories is much 
more sparse [4||5]. To avoid the presence of a very large cosmological constant, it is natural 
to focus on "no-scale models", which by definition are tree level backgrounds in Minkowski 
space, where supersymmetry is spontaneously broken [6j. If at the classical level the scale 
of supersymmetry breaking and other scalars are moduli fields, the associated flat directions 
are generically lifted at the quantum level, due to the generation of a non-trivial effective 
potential. In fact, any supersymmetric string compactification in flat space can lead to 
a no-scale model by switching on finite temperature. This can be done at the level of 
the conformal field theory on the worldsheet by compactifying the Euclidean time on a 
circle and modding out by the Z2 freely acting orbifold (—1)^5, where F is the fermion 
number and 5 is an order-two shift along the temporal circle. Physically, this is equivalent 
to imposing (—1)^ boundary conditions along an Euclidean circle of perimeter equal to the 
inverse temperature f7l|8]. In this case, the supersymmetry breaking scale is the temperature 
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itself, while the effective potential is nothing but the free energy density T . 

The question of moduli stabilization in a universe filled with a gas of strings at thermal 
equilibrium is considered in Refs [9 ,10 . In 11 , the case of the heterotic string compactified 
on a torus is analyzed at weak coupling. It is shown that at finite temperature, the points 
of enhanced gauge symmetry are minima of the free energy density, where all the internal 
moduli can be dynamically stabilized. There is no flat direction left (except for the dilaton) 
when the gauge group does not contain Abelian factors |4]. In the S-dual picture in type 
I, one finds that the light vector multiplets responsible for the enhancement of the gauge 
group are either perturbative or D-strings wrapped in the internal torus. In this case, 
the internal closed string moduli (Neuveu Schwarz-Neuveu Schwarz (NS-NS) and Ramond- 
Ramond (RR)) together with the open string Wilson lines are stabilized |TT]. This indicates 
that BPS states becoming massless at some point in moduli space should be treated on equal 
footing, wether they are perturbative or not. 

In the present work, we use this fact to lift flat directions in the case of type II compactifi- 
cations on CY threefolds, when finite temperature is switched on. Compared to the heterotic 
or type I strings on tori, the number of conserved supercharges present at zero temperature 
is half and the moduli space is by far more complicated. Due to A/" = 2 supersymmetry 
in four dimensions, it takes the form of a product hAy x M.^ associated to Abelian vector 
multiplets and neutral hypermultiplets. Physically, these spaces realize the Coulomb and/or 



Higgs branches of Abelian and/or non- Abelian gauge theories 12 -15 . Due to the fact that 
the type II dilaton sits in the universal hyp er mult iplet, the metric on M.u admits corrections 
in string coupling. On the contrary, the metric on A/fy is exact at tree level but is singular 
on loci, where 2-cycles in type IIA (3-cycles in type IIB) vanish |i6|. This fact is interpreted 
as the consequence of the existence of D2-branes (D3-branes) wrapping these cycles. They 
realize generically massive BPS states charged under the gauge group associated to the cycles 
and are integrated out, at the level of the low energy supergravity description. Therefore, 
when the cycles vanish and the BPS states become massless, the sigma-model metric on M-y 
develops a logarithmic divergence 12 ,^ 

The aim of our work is to argue that at finite temperature, the moduli adjust so that a 



^In the case of A/" = 4, the moduh space describes Coulomb branches only, which are not corrected by 
the string coupling and do not present infrared (IR) divergences, as follows from the vanishing of the gauge 
beta functions. 
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maximum number of 2-cycles, as well as 3-cycles vanish. To show this, we consider the low 
energy description of the models without integrating out the modes which become massless 
when the internal CY space is singular. Our approach can be summarized as follows. By 
convention, we present it in type IIA compactified on a CY M, rather than in the equivalent 
mirror picture in type IIB. 

(i) In the vicinity of a singular point in Aiv, we identify the gauge group and charged 

matter arising from wrapped D2-branes on vanishing 2-cycles. Due to the fact the 
gauge theory is non-asymptotically free, a perturbative treatment in the low energy 
regime we are interested in is justified. We include these degrees of freedom as local 
fields in a tree level effective supergravity. The latter is insensitive to the temperature, 
since the Euclidean time circle can only be probed by loop corrections. The classical 
Af — 2 supergravity is based on a product of special Kahler and quaternionic manifolds 
M.V X M.H, whose metrics are unknown but satisfy constraints. First of all, they do 
not develop IR divergences and are thus regular. Second, they admit isometries we 
have to gauge in order to reproduce the gauge sector engineered geometrically. 

(ii) The gauging introduces a scalar potential we determine explicitly in the neighborhood 
under consideration. Its flat directions admit Coulomb and often Higgs branches. Mov- 
ing from the Coulomb phase to the Higgs phase corresponds to an extremal transition 
from the original internal space M to a topologically distinct CY space M', where 
vanishing 2-cycles have been deformed into 3-cycles. 

(iii) In each branch, it is straightforward to determine from the potential the classical 
masses of the heavy states that belong to the gauge plus charged matter system. 
These masses depend on the moduli, which parameterize the flat directions associated 
to the Coulomb or Higgs phases. 

(iv) In the weak string coupling regime and at sufficiently low temperature/energy, the 
above masses are the only things needed to compute the one-loop correction to the 
effective supergravity. The result amounts to adding the one-loop effective potential 
T to the classical action evaluated in some tree level vacuum. One finds that all flat 
directions in the Coulomb and Higgs branches of the geometrically engineered gauge 
theory are lifted. 
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(v) The one-loop action does not admit static solutions anymore. In other words, a cosmo- 
logical evolution is induced by the thermal/quantum corrections. While the universe 
expands and the temperature drops, the moduli fields are attracted to the minimum 
of J-". The latter sits at the origin of the Coulomb and Higgs branches, where all tree 
level masses of the gauge plus matter system vanish. However, at one loop, all moduli 
masses are of order the temperature, while the gauge bosons remain massless. In fact, 
the only cosmological evolution with static moduli corresponds to the compactification 
on the singular configuration at the extremal transition between M and M'. 

The case of type II compactifications on CY spaces at finite temperature is useful to 
present mechanisms that may play a role in realistic descriptions of our world. However, 
since the temperature T{t) converges to zero at late times, J\f = 2 supersymmetry is restored, 
which is in obvious contradiction with zero temperature standard model phenomenology. In 
addition, the effective moduli masses arising from the free energy being of order T(t), they 
also vanish in this limit. Instead, realistic models would involve A/" = 1 supersymmetry for 
chiral matter to exist. Moreover, even at low temperature. A/" = 1 should be spontaneously 
broken and MSSM-like phenomenology be recovered at late times. Therefore, the analysis of 
the present work should be extended to type II backgrounds involving orientifold projections. 



branes and internal fluxes 17 to describe JV = 1 no-scale models at finite temperature. The 
latter are characterized by two independent supersymmetry breaking scales: The no-scale 
modulus M and the temperature T. 

Toy A/" = 1 no-scale models at finite temperature have been studied in Scherk-Schwarz 



compactifications of the heterotic string on T^/(Z2 x Z2) [18 -20 . Technically, the scale M 
is introduced by imposing distinct boundary conditions for bosons and fermions along direc- 
tions of the internal torus (7|[8] . This is similar to the implementation of the temperature T 
using the Euclidean time circle. As follows from the no-scale structure, it is relevant to split 
the moduli in two sets |21j : 

- Set 1 contains those which participate in the supersymmetry breaking, among which 
the no-scale modulus M and the dilaton belong toj^ 

- Set 2 contains the remaining moduli. 

^The dilaton participates in the supersymmetry breaking due to the fact that M is dimensionfuU and 
acquires a dilaton dressing in Einstein frame. 
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At weak coupling, the one-loop effective potential at finite temperature back-reacts on the 
flat background and induces a cosmological evolution. For suitable choices of supersymmetry 



breaking 18 ,19 , the time-trajectory of the universe is attracted to a particular homogeneous 



and isotropic critical solution. The latter satisfies T{t) oc M{t) (X e^'^W (X l/a{t) oc 1/Vi, 
where a is the scale factor and t is cosmic time, while the other moduli are static. This 
evolution is radiation-like, in the sense that the coherent motion of M{t) conspires with 
the free energy to imply the Hubble "constant" to satisfy oc T^, as if the universe were 
radiation dominated. Except for M and (p which are running away, the moduli in set 1 
have been attracted to minima of the thermal effective potential, where they have "time- 
dependent masses" of order M{tY /Mpianck- For the moduli in set 2, a mechanism similar to 
that described in the present work applies. They acquire a mass of order M{t) when they 
sit at points where the classical masses of bosons are vanishing. We stress that the fact the 
moduli masses are time-dependent implies that the energy density stored in the oscillations 
of these scalars around their minima is dominated by (is"!]^ Constant masses would 
instead lead to a density scaling as T^, which would dominate over radiation and overdose 



the universe 22 



The above solution is valid during an "intermediate cosmological era" , where T{t) evolves 
between the Hagedorn temperature Th and a scale Q that should appear at late times in 
realistic MSSM-like models, Th > T{t) > Q. The upper bound expresses the fact that 
a Hagedorn transition may occur at earlier timesj^ The lower bound Q is the "IR renor- 
malization group invariant transmutation scale" induced by the radiative corrections of the 



soft supersymmetry breaking terms at low energy 23 , 24 . For temperatures higher than 



Q, the renormalization group effects are negligible and the above described radiation-like 
evolution is legitimate. However, when T{t) < Q, they should induce the electroweak sym- 
metry breaking and the stabilization of the supersymmetry breaking scale M at a value of 
order Q. It is at this stage that all moduli in sets 1 and 2 acquire constant masses of order 
{M)'^ / M Planck and (M), respectively. In this scenario, the attraction to the critical solution 
where M{t) oc l/y/t followed by the stabilization of M{t) around the scale Q ~ 1 TeV lead 
to a dynamical explanation of the hierarchy M -C Mpianck- 
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When supersymmetry in four dimensions is broken by finite temperature only (no M) , the energy of the 
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osciUations is of order that of thermal radiation 

"^Other scenarios can be imagined, where the intermediate era starts after a period of inflation followed 
by reheating. 
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Returning to the present article, we present in details in Section |2] the program (z)-(f ) 
in the vicinity of a conifold locus. The gauge theory in this case is Abelian, with charged 



hypermultiplets 12 . We show that the Kahler moduli of M and complex structure moduli 
of M' involved in the extremal transition M ^ M' are attracted to this locus. A similar 
analysis is done in Section |3] in the neighborhood of points in the moduli space, where the 
internal CY M develops a genus-^f curve of Ajv-i singularities (with g > 1) and can be 
deformed into another CY space M" (when g > 2). This system describes an SU{N) gauge 
theory coupled to g hypermultiplets in the adjoint representation [13j. In this case, Kahler 
and complex structure moduli of M, together with complex structure moduli of M", are 
attracted to the singular locus. In Section |4| we argue that for any given internal CY space, 
we expect our approach to apply to all Kahler moduli and most of the complex structure 
modulj^ However, the universal hypermultiplet scalars remain flat directions, at least in the 
weak coupling regime. To illustrate our results, we consider the explicit example of a type 
IIA compactification on a CY M with Hodge numbers (/iii,/ii2) = (2,128). The moduli 
space A4v admits two codimension one loci, where M develops either a node or a genus-2 
curve of Ai singularities. It follows that both Kahler moduli and some complex structure 
moduli can be stabilized at the intersection of these two loci. Given the fact that M is a 
i^3-fibration |25|, the dual heterotic description 26 on K3 x at finite temperature is 
known. It follows that the modulus Th and axio-dilaton Sh are stabilized in the strong 
coupling regime. Section [5] summarizes our results and presents our perspectives. 



2 Stabilization at a conifold locus 

In this Section, we consider the type II superstring compactified on M or M', two CY 

manifolds related by a conifold transition^ Our aim is to show that when finite temperature 

is switched on, the moduli involved in the extremal transition M ^ M' are lifted and 

attracted to the conifold locus, where they can be stabilized. We choose to present our 

analysis in type IIA. Due to mirror symmetry, the type IIB picture can be derived by 

exchanging the roles of 2-cycles and 3-cycles. 

^To be specific, it is not clear to us if a complex structure controlling the size of vanishing 3-cycles that 
cannot be blown up to 2-cycles can be stabilized this way. 

^In some particular case, there is no CY M' in which the conifold M can be deformed to. 
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2.1 The geometrically engineered Abelian gauge theory 



At zero temperature, the compactification on M yields an A/" = 2 theory in four dimen- 
sions. The massless spectrum contains in the gravitational multiplet the metric g^y and the 
graviphoton A^^ (from the RR 1-form). When M is nonsingular, with Hodge numbers hu 
and hi2, there are hu Kahler deformations and 2/ii2 complex structure deformations of the 
CY metric. Combining these geometrical moduli with the reductions of the NS-NS 2-form 
and RR 3-form lead to the bosonic content of hu Abelian vector multiplets and hi2 neu- 
tral hypermultiplets. Finally, the dilaton, the axion and the reduction of the 3-form on the 
unique (3, 0) and (0, 3) cycles realize the scalar content of the universal hypermultiplet. In 
total, the gauge group is Moreover, due to the fact that Af = 2 supersymmetry 

forbids couplings between vector multiplets and neutral hypermultiplets, the moduli space 
is a Cartesian product Aiy x -Mh- The vector multiplet moduli space Aiy of complex di- 
mension hii is a special Kahler manifold, which is exact at tree level since the dilaton sits in 
a hypermultiplet. On the contrary, the hypermultiplet moduli space Ain of real dimension 
4(/ii2 + 1) is a quaternionic manifold, which admits perturbative and non-perturbative cor- 
rections. Classically, it is a product manifold, where an SU{2,1)/U{2) factor is associated 
to the universal hypermultiplet. 

By definition, along a conifold locus of codimension S in Aiy, S homology classes of 2- 
cycles are vanishing, and R> S representative 2-cycles in M are shrinking to isolated points 



called nodes 16 . The metric of A/ly appears in the low energy effective a-model description 
of the vector multiplets. To account for the fact that this metric is singular along the conifold 
locus and cannot be cured by quantum corrections in string coupling, a consistent picture 



has been proposed in Ref. 12 . In this work, it is supposed that generically massive states 
charged under the U{1)^ gauge factors have been integrated out, and become massless along 
the conifold locus. Consistently, the a-model metric develops an IR divergency Since the 
gauge bosons arise from the RR 3-form, the charged states must be D2-braney To be 
massless when the homology classes vanish, the D2-branes must be BPS and wrapped on 
the shrinking 2-cycles. To reproduce the precise coefficient of the logarithmic divergence. 



''In gauge theory, this effect arises at one-loop in gauge couphng. Since the type II description of the 
Af = 2 vector multiplet sector is exact in string coupling, the one-loop and non-perturbative corrections in 
gauge coupling are present at string tree level. 

^An electric-magnetic duality can always be used to work with purely electric D2-branes, without intro- 
ducing magnetic D4-branes. 
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the charged states must be hypermultiplets. The wrapped D2-branes being point-hke from 
a four-dimensional point of view, they are extremal black hole hypermultiplets. 

Because the local neighborhood of a node looks like a cone whose base is S"^ x S^, the 
singular CY M is called a conifold. When R > S, this configuration can be a passage to 
another smooth CY M' obtained by deforming the shrinking 2-cycles into 3-cycles. This is 



the conifold transition, where the Hodge numbers h[-^ and of M' satisfy 16 



h\, = hn-S , h',^ = hi2 + R-S. (2.1) 

Denoting by Ai'y x Ai'^ the moduli space of M', the extremal transition M -H- M' means 
A4v and Ai'fj are connected along the conifold locus. This geometrical picture matches 
perfectly the physical interpretation of the system in terms of a U{1)^ gauge theory cou- 
pled to R hypermultiplets. A4v corresponds to the Coulomb branch: The scalars of the 
Abelian vector multiplets have nontrivial VEV's, while the charged states arise from mas- 
sive non-perturbative D2-branes. Ai'^ corresponds to the Higgs branch: The Abelian vector 
multiplets combine with S charged hypermultiplets to give S massive long vector multiplet^ 
The remaining R — S charged hypermultiplets are massless perturbative states, which con- 
dense i.e. develop nontrivial VEV's along Ai'^^. 

Note that if the IR behavior of a [/(l)"^ gauge theory is able to account for the singularity 
of the Kahler metric on Aiy, this does not mean the theory remains Abelian in the ultra- 
violet. Actually, type II compactifications on CY spaces with moduli sitting in the vicinity 
of a conifold locus can engineer geometrically M = 2 asymptotically free non- Abelian gauge 



theories 27,28j. In this case, the non-Cartan gauge bosons are massive and our description 



of the theory in terms of an Abelian gauge group is valid for low enough energies and 
temperatures. 



2.2 Tree level low energy description in gauged supergravity 

To proceed, we determine the low energy description of the type IIA compactification on M 
(and eventually M', when a conifold transition is allowed), near a conifold configuration. At 
tree level in string coupling, the result is insensitive to temperature effects, since genus-zero 
worldsheets cannot probe an Euclidean time circle. To be consistent on both sides of the 
^It is not clear wether these massive multiplets are perturbative or non-perturbative. 
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extremal transition, the M = 2 gauged supergravity we are looking for has to include all 
light and possibly massless degrees of freedom in the vicinity of the conifold locus, wether 
they are realized perturbatively or non-perturbatively from the string point of view. 

It is convenient to start our discussion from the perspective of the type IIA compactifica- 
tion on M . The effective action is constructed in two steps. First, we consider the ungauged 
M = 2 supergravity coupled to hu vector multiplets and hi2 + 1 + -R hypermultiplets. The 
scalars of the vector multiplets live on a special Kahler manifold Aiy, while those of the 
hypermultiplets span a quaternionic manifold Mh- Both metrics gjj and /ias on A^y and 
J\4h are unknown, but satisfy properties we are going to use. In particular, they are reg- 
ular even when M is a conifold. By abuse of language, we will refer to the set of points 
in Aiv X Ain corresponding to compactifications on conifold configurations of M as the 
conifold locus. There is a symplectic bundle over A4v, whose holomorphic section admits 
electric and magnetic components we denote by X°, . . . , X'*" and Fq, . . . , F^^-^. The former 
can be used as homogeneous coordinates on Aiy- Thus, at a given point Pq E Aiy x J\4h 
along the conifold locus, at least one of them, say X^, does not vanish and can be set to 1 
in a whole neighborhood of Pq. The remaining complex components {I = 1? • • • ? ^ii) are 
then the vector multiplet scalars and special coordinates on Aiy Iii the vicinity of Pq, we 
also denote by (A = 1, . . . ,4(/ii2 + 1 + R)) a system of real coordinates parameterizing 
the hypermultiplet scalar manifold Ain- 

In a second step, the charges of the hypermultiplets are introduced by gauging a U{1)^ 
isometry group the quaternionic manifold Ain must satisfy. By convention, we label the 
vectors and scalar components of the gauged vector multiplets as and X* {i = 1, . . . , S), 
while the remaining X'^'s {p = S + 1, . . . , hu) denote the scalars of the ungauged ones. With 
these conventions, the tree level gauged supergravity action for the metric and scalars takes 
the following form f29|. 



Stree = d^x I- - gjjd^x'd^x' - /lAE^g^V^g^ - V 




(2.2) 



where the covariant derivatives involve the non-trivial Killing vectors /cf. 



(2.3) 



and the scalar potential V is given by 



V = 4/iAs kf kf e^X'X' + ^"7i fj V-V^ - 3 e'^X'X^' Pf PJ. 



(2.4) 
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In this expression, K, is the Kahler potential associated to the metric gjj = dxidxjJC, 



/C = - In 



(2.5) 



and 



(2.6) 



Moreover, for each KiUing vector, there is an 5'?7(2)-triplet of momentum maps Pf, which 
are functions of q^. They are related to the hyper-Kahler 2- forms on A^// by the relation 



2 ki K^Y; — 



(2.7) 



where is the connection of the SU (2)-bundle. The fact that the Killing vectors and 
kp vanish identically implies the associated momentum maps are covariantly constant and 
thus trivial, Vq = = 0, as follows from the theorem recalled in Appendix C. 

In a vacuum, the no-scale model has a vanishing potential, V = 0. To identify the conifold 
locus on J\4v y<J^H, we use our knowledge of the geometrical realization of the gauge theory. 



When M is a conifold, all multiplets in the action (2.2) must be massless. For the g s to be 



massless, we see from the potential (2.4) that (X*) = is required, while for the X*'s to be 
massless, the Killing vectors and momentum maps must have zeros, {k^) = {Vf) = 0. Thus, 
Pq is fixed under the U{1)^ isometries. In the remaining part of this Section, our aim is to 



expand the Lagrangian density in the action (2.2) around the point Pq. 



Vector multiplet sector: We start with the vector multiplet sector and denote the co- 



ordinates of Pq in -M-v as (Xq = 0,Xq). Smoothness of the a-model Kahler metric in (2.2) 
allows us to writa^ 



gu- = 9fj + 0{X-Xo 



(2.8) 



where g^j'j = gjj\p ■ Moreover, we will also need the finite value IC^^^ of the Kahler potential 



ij 

(ra at Po 



= -\nU (p(°) - P(°) + Xo^Pjo) - Xo^Pj°) 



(2.9) 
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0{X — Xq) denotes without distinction holomorphic or antiholoniorphic first order terms. 
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in terms of which the /)'s defined in Eq. (2.6) can be expressed as 



(2.10) 



HyperiTlultiplet sector: The Taylor expansion in the hypermultiplet sector is more in- 
volved. In Appendix B, we show that on A4h, there exists a new system of coordinates c"^" 
(^ = 1, . . . , i?; M = 1, 2, 3, 4), (a = 4/? + 1, . . . , 4(/ii2 + 1 + R)) such that Pq is located at 
0, gg ) and the complex structures J^, the quaternionic metric and the hyper-Kahler 



forms at Pn are: 



r 



xu 

'/ V 



d 



QcAu 



dc 



+ J 



Po 



d 

9g° 



Po 



{dc-^^ A dc-^^)\^^^ + I [Kip dq" A dq^) 



where 77^"^, are 't Hooft symbols defined in Appendix A. In fact, the (c-^^, . . . , c'^^)'s are in the 
^th hypermultiplets of charge Qf under the 1"^ f^(l), while the remaining g"'s are the real 
components of the neutral ones 
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In order to write the kinetic terms and scalar potential 
in the vicinity of Pq, we need the expansions of the metric, hyper-Kahler forms and Killing 
vectors, 
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hAu,Bv = T.^AB ^uv + 0{q — go), h_Au,a = 0{q — go), hafi 



J^x 



:5ABVlv + 0{q~ qo), K 



Au,a 



O{q-qo), K 



h% + 0{q-qo\ 
-Klf + 0{q~q,l 



kf"" = " c-^« + C((g - go)2) (no sum over A), = C((g - go)^ 



(2.12) 



The first order terms of the Killing vectors involve t^^, a U{1) generator acting on each 



hypermultiplet, and it is a matter of convention to choose 



^3u 



(see Appendices A 



and B). The charges Q'f are determined by the underlying CY geometry. For this purpose, we 
define (a°, . . . , a^") to be an homology basis of 2-cycles in M, among which a* (i = 1, . . . , S*) 
vanish at the conifold locus. We also denote by 7"^ (-^ = 1, • • • ,-R) the R 2-cycles which 



^^To make contact with the notations introduced in Appendix B, we define c^" = \/2q-^" in order for 
the charged hypermultiplets to have canonically normahzed kinetic terms. Moreover, we keep arbitrary the 
basis vector d/dq°' in the sub-tangent plane at Pq associated to the neutral hypermultiplets. 

^'^0{q — go) denotes terms of order c^" or {q" — q^). 
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shrink to nodes and expand 7'^ = nfa^. Then, the computation of the effective action on 
the world volume of a D2-brane wrapped on 7-^ shows that = nf fl2]. 



To determine the momentum maps Pf , we first use the facts that they vanish at Pq and 



that the left hand side of Eq. (2.7) is first order to conclude that the s are actually second 



order. Next, we write Eq. (2.7) as 



Qtiv'^tUc-^^ + 0{{q - qoY) (no sum over A), 



Q^Au 

which we integrate to find 



-^Qfc^''{v'tUc^'' + 0{{q- go)'). 



O{{q-qof), (2.13) 



(2.14) 



Effective action: From Eqs (2.10), (2.12) and (2.14), we find that in the potential V in Eq. 



(2.4), the two first terms which are positive are of order four in (X — Xq) or (g — go)? while 



the last one, which is negative and characteristic of supergravity, is of order six and thus 
negligible around the point Pq- To write the potential V in an explicitly S'[/(2)^-invariant 
form, we introduce the doublets 



(2.15) 



and obtain after some straightforward computation 



V = e'^*"' (2 QfQf X'X^ ^^t^-^ + 1 g(m D^D]^ +■■■ where Pf = Qf ^-^V^^-^ 

(2.16) 

are S't/(2)K-triplets of P-terms, cr^ are the Pauli matrices and the ellipsis denote order five 
contributions in vector or hypermultiplet scalars. 



In the end, close to a conifold configuration, the tree level effective action (2.2) associated 



to the type IIA superstring theory at finite temperature and compactified on either M or 
M' takes the final form. 



tree 



— e 



IC(0) 



2 V^c-^^V^c-^" - h^^> d^q'^d'^q^ 

(2 QfQf X'X'J '^•^t<^-^ + 1 gioWj^^jj^^ + ■ ■ ■ |. (2.17) 

It is interesting to note that the above action is that of the rigid M = 2 supersymmetric 
Abelian gauge theory with charged hypermultiplets and formally coupled to gravity. 
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2.3 Lifting the Coulomb branch at one- loop 



The tree level scalar potential (2.16) valid around Pq admits flat directions. We recall that 
due to the no-scale structure of the theory, these directions are insensitive to the scale of 
spontaneous symmetry breaking, here identified with the temperature. However, the picture 
is drastically modified once quantum corrections are taken into account. In fact, a moduli and 
temperature dependent correction to the classically vanishing vacuum energy is generated 
and, as we are going to see, lifts all classical fiat directions associated to the Abelian gauge 
theory. In the following, our analysis is restricted to a weak string coupling regime, with 
quantum corrections computed at one- loop. 

In the neighborhood of the point Pq with coordinates (Xq = 0, Xq ; c^" = 0, Qq) in 



A4v X ■M.H, the set of vacua of the action (2.17) is a Cartesian product between: 



• The space parameterized by the "spectator moduli" and g", which are only coupled 
gravitationally to the gauge theory. These scalars are coordinates along the conifold 
locus and reflect the arbitrariness in the choice of Pq on it. 

• The space of configurations of the X*'s and c^^'s, for which the semi-definite positive 
potential V vanishes. It is characterized by the constraints 

V^: X'Qf^^=(j^^ (no sum over ^) and Va;,i: D^ = 0, (2.18) 

which admits Coulomb and Higgs branches. 

The Coulomb branch of vacua corresponds to arbitrary values for the gauged vector multi- 
plets scalars and vanishing VEV's for those in the charged hypermultiplets: 

Coulomb branch : | {X' arbitrary, c"^" = O) | x | (X^, g") arbitraryj . (2.19) 
To write the one-loop effective action at finite temperature in this branch, we evaluate 



the tree level part (2.17) in a background of the above form (2.19) and add the one-loop 



Coleman- Weinberg thermal effective potential J-", 

^i-ioop = y rf'x 1 1 - d.X'd^X' - h^^l d^q^d'^q^ - ^ + ■ ■ ■ I . (2.20) 
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The computation of T is done in the Euchdean version of the theory, with time compactified 
on a circle of perimeter equal to the inverse temperature. All degrees of freedom are imposed 
(— 1)^ boundary conditions along the temporal circle, where F is the fermion number. For 
an arbitrary supersymmetric spectrum, the result is 



+ °° -^B 1 Mil „ _ rhg 



mo 



where T is the temperature and Mg is the classical mass of each degenerate pair s of boson 
and fermion. In this expression, i is the proper time along the virtual loop wrapped rfio 
times around the temporal circle and all dimension-full quantities are measured in Einstein 
frame. From a thermodynamical point of view, T is the free energy density associated to a 
perfect gas of bosons and fermions. In string compactifications where the supersymmetric 
spectrum at zero temperature is determined by a fully known conformal field theory, the 



expression (2.21) can be derived from a vacuum-to- vacuum string amplitude in Euclidean 
time (and suitable (—1)^ boundary conditions). As an example, this is the case for the 
heterotic string on which leads to a D-dimensional model whose exact spectrum is 

known when > 6 (so that no NS5-brane can wrap the internal torus) |11|. However in 
general, contributions of modes realized non-perturbatively from a string perspective cannot 
be captured by the CFT on the wordsheet. For instance, in the type I models S-dual to 
the above mentioned heterotic cases, the perturbative amplitude has contributions arising 
from fundamental open and closed strings and must be supplemented by additional terms 
associated to non-perturbative Dl-branes running into the virtual loop. The role of BPS 
Dl-branes wrapped on 1-cycles and becoming massless plays a role in stabilizing the type I 



moduli 11 similar to what we are going to find here for wrapped D2-branes. 

Returning to our present case of interest, the light masses in the vicinity of Pq along 



the Coulomb branch can be found by inspection of the bosonic action (2.17). The massless 
level includes the supergravity multiplet, the / = 1, . . . , /in vector multiplets and the a = 
1, . . . , hi2 + 1 neutral hypermultiplets. Of course, this is not a surprise, since this is nothing 
but the perturbative massless spectrum arising from the type IIA compactification on a 
smooth CY manifold M. The light squared masses of the A = 1, . . . ,R charged black hole 
hypermultiplets realized in the Coulomb phase as BPS D2-branes wrapped on vanishing 
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2-cycles are given by 



M 



A 



(2.22) 



where the dots stand for higher order terms in scalar fields. The leading term is consistent 



with the standard mass formula of BPS black holes 12,30 . In particular, it acquires a 
dilaton dressing e~'^ once measured in string frame, as expected for D-brane masses Close 
enough to Pq? all other masses Mg are bounded from below and heavier than the charged 
black holes: Ms > M^in > M^. Table [l] summarizes the superfield content and associated 
scalar VEV's in the Coulomb branch!^ 





Scalars acc 


uiring VEV's 


Superfields 


In vector 
multiplets 


In hyper- 
mult ip lets 


Vector multi 


Diets 


Hypermultiplets 


Masslcss 
(moduli) 


Massive 
short 


Massive 
long 


Masslcss 
(moduli) 


Massive 


Coulomb 
phase 




none 


s 











R 


Higgs 
phase 


none 


mod. 

gauge orbits 
such that 

A— 








s 


R-S 






Table 1: Superfield contents in the Coulomb and Higgs branches (when R > S) associated to the 
Af = 2 U{1)^ gauge theory coupled to R hypermultiplets, which is encountered in the neighborhood 
of a conifold locus in Aiy x M.^. The scalars and q°' of the massless spectator vector multiplets 
and hypermultiplets are not represented. 



Integrating over i, the free energy density (2.21) can be written as 



= -T' I (4 + 4hn + 4(/^i2 + 1))g(0) + g(^) + 0(e-^) |, 
where the function G{x) is expressed in terms of a Bessel function of the second kind. 



(2.23) 



(2.24) 



^^This makes a difference with the analysis of Refs 11 18 in heterotic orbifold compactifications, where 



the additional massless modes are perturbative, with tree level masses measured in string frame independent 
of the dilaton. 

"'^^See 31 for a general discussion about field contents following a Higgs mechanism in A/" = 2 supersym- 



metric gauge theories. 
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and G{0) is Stefan's constant for radiation associated to a pair of massless boson and fermion, 

1 -2 



G(0) 



r(2)^ 

r2 2^ \2k+l\^ 



48' 



(2.25) 



Moreover, the first factor 4 in Eq. (2.23) corresponds to the 2 + 2 on shell degrees of freedom 



of the graviton and graviphoton, while the other factors 4 count the number of bosonic 
degrees of freedom in vector multiplets and hypermultiplets. In fact, for positive a; > 0, the 
function G{x) is maximum at the origin and decreases exponentially, 

2 3 

G{x) = G(0) + O(x^) when x < 1, G{x) ~ f 'e"^' when a; > 1. (2.26) 
16 \2tt / 

As a result, all contributions G{Ms/T) with Mg > Mmin are exponentially suppressed, pro- 
vided the temperature is low enough, T < Mmin, as indicated in Eq. (2.23). 



Since the free energy density J-" depends on the black hole hypermultiplet masses given 



in Eq. (2.22), it acts as a non-trivial potential for the scalars X*. The behavior of G{x) at 
X = implies J-" is minimum when all M^'s vanish i.e. V^, QfX^ = 0. Due to the fact that 
the matrix Qf is of rank 5*,^^ this can only happen at the conifold locus, X* = 0. In other 



words, all classically flat directions X* of the Coulomb branch are lifted, while the spectator 
scalars and parameterizing the conifold locus remain moduli. To find the one-loop 
masses Mji_ioop of the fields X* at their minimum, we consider the squared mass matrix 



9 



{0)IK 



dX^dX- 



11 

16 



9 



{0)IK 



A 



dX^dX" 



(2.27) 



x^=o 



which satisfies 



A^"^ = 0. 



A is diagonalizable, with S strictly positive eigenvalues M'^^ ^^^^ and hn 
so that the trace leads to 



(2.28) 

S vanishing ones, 
(2.29) 



Thus, the scalars of the U{1)^ vector multiplets acquire one-loop masses of order the tem- 
perature scale, while the gauge bosons remain massless and the full Abelian gauge theory 

Otherwise, some of the R vanishing 2-cycles would be hnear combinations of the others and would not 
give independent degrees of freedom once wrapped with D2-branes. 
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U (1)^11+1 is unbroken. If the fact that vector multiplet scalars are getting masses is certainly 
a good thing, one may wonder if this result is not spoiled by the appearance of additional 
massless black hole hypermultiplets precisely at the minimum. In fact, the tree level masses 
of the scalars c^" are vanishing at the conifold locus, but are acquiring non-trivial corrections 
of order T at the one-loop level, as will be seen in the next Section in the study of the Higgs 
branch. 

For a homogeneous and isotropic universe, the one-loop energy density and pressure 



found by varying the action (2.20) are consistent with thermodynamics 19 



p = 7-T—, P = -T. (2.30) 

When T /M-aan is low enough, they satisfy at the conifold locus the state equation for radia- 



tion, p = 3P, as follows from Eq. (2.23). As a result, a particular solution to the equations 
of motion for the scale factor a, the temperature T and the scalars is 

a{t) oc (xVi , = c^" = , XP, constant, (2.31) 
1 [t) 

where t is the cosmological time. This evolution describes an expanding universe filled with 
radiation and static scalars. Consistently, the temperature drops and guarantees T ^ Mmin 
is satisfied at late times. More general solutions consistent with homogeneity and isotropy 



exist, as follows from the general analysis of Ref. 11 . They are characterized by damped 
oscillations of the fields X*, which converge to their minimum at X* = 0. The energy density 
stored in their oscillations and in the motion of the spectator moduli X^ and scales as 
T^. Thus, they do not dominate over radiation and the cosmological moduli problem |22| is 
avoided. This follows from the fact that the masses of the scalars X* are actually proportional 



to the temperature and thus time-dependent 11 . To put a halt to the fall of these masses 



and obtain realistic models at low temperatures, one may follow the lines of Ref. 18 . At 
zero temperature, interesting models should be characterized by A/" = 1 supersymmetry 
spontaneously broken at a scale M. Once finite temperature is taken into account, one finds 
the evolutions of the one-loop masses of the moduli, the temperature, the supersymmetry 
breaking scale M and the inverse of the scale factor l/a{t) are attracted to a particular 
trajectory, where they are proportional. When the temperature reaches the electroweak 
symmetry breaking scale Mew, the moduli masses and M are expected to be stabilized 
around Mew, while T keeps on decreasing. 
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2.4 Lifting the Higgs branch at one-loop 



Our aim in this Section is to complete the analysis of the conifold locus by showing that the 
Higgs branch of the U{1)^ gauge theory is lifted by the one-loop thermal effective potential. 



In this phase, the doublets are such that the D-terms in Eq. (2.18) vanish, while the 
f/(l)'^ vector multiplet scalars have trivial VEV's, 

Higgs branch : {{X' = 0, "^"^ such that = O) | x | (X^, q") arbitrary}. (2.32) 

The 3S D-term constraints leave AR — 3S flat directions among the charged scalars c^^'s, 
along which the U{1)^ gauge group is Higgsed. S of the 4i? — 3S directions are orbits of the 
residual global U{1)^ symmetry corresponding to physically equivalent vacua. We therefore 
introduce 5* gauge fixing conditions reflecting the fact that 5* would-be-Goldstone bosons are 
eaten by the massive vector fields. We are left with 4(i? — S) fiat directions, which can be 
arranged in R — S massless neutral hypermultiplets. Clearly, for the Higgs branch to exist, 
R > S is required. Moreover, the 5* Higgsed vector multiplets become massive and long by 
combining with the remaining S hypermultiplets. The superfield content and VEV's in the 
Higgs branch can be found in Table [Tj Thus, besides the supergravity multiplet, the massless 
spectrum includes hn — S vector multiplets and hi2 + R — S + 1 neutral hypermultiplets, 
corresponding exactly to the type HA compactification on the smooth CY manifold M', with 



Hodge numbers and given in Eq. (2.1). 

To describe the one-loop effective action in the Higgs branch, it is convenient to parame- 
terize the D-term fiat directions with some coordinates ^"^ (m = 1, . . . ,4{R — S)) satisfying 
Qf^'^^KO ^-^(0 = and such that the Jacobian matrix (^^) is of rank 4{R - S). We 
denote by the origin of the Higgs branch i.e. the conifold locus. In a neighborhood of 
Pq, the one-loop effective action valid in the Higgs branch takes the form. 



'S'l-loop 

where we have defined 



j d'x^g\^- dX^dX'^ - dCdC - h% dq^dq^ - ^| , (2.33) 



2 

and the free energy density J-' is 



(2.34) 



Co 



T=-T'Ua + Ah[, + A{h\, + 1))g(0) + 8 5^ g(^) + 0(e-^) [. (2.35) 
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The factor 8 in the above expression counts the number of boson/fermion pairs in the long 
vector multiplets of tree level mass Mj. The (9(e 9^) term includes all contributions of the 
modes, whose masses cannot vanish in the neighborhood we are considering and thus admit 
a lower bound M^am > Mi. For T < Mmm, these contributions are exponentially suppressed. 

To proceed, we determine the sum of the squared masses of the long vector multiplets. 



This can be derived from the first term of the tree level potential V in Eq. (2.16), when the 
hypermultiplet scalars c"^" condense along the D-flat directions. At second order in scalar 
fields, the matrix of squared masses of the X^'s is 



whose trace gives 



(2.36) 



(2.37) 



Alternatively, the second term of V in Eq. (2.16) can be used to compute the sum of the 



squared masses in the c"^"-sector, when they condense. Consistently, the result in Eq. (2.37) 
is recovered. 

In the vicinity of Pq? the thermal effective potential J-" is minimal when all masses Mi 
vanish. This occurs only at the origin of the Higgs branch, c"^" = 0, i.e. along the conifold 
locus. Thus, all classically flat directions ^"^ are lifted, while the neutral components g° 
remain moduli. The one-loop squared masses M'^^ ^oop > of the fields EJ^ at their minimum 
^ = ^0 are determined by the matrix 



A'^ 



1 B'^ T 

2 se'^e 



16 2' 



ml 



j.2^Ki^^giO),jQAQAf^mml 



Q^Au 



Q^Av 



?0 



(2.38) 



?0 



where we have used the fact that c-^^I^q = to obtain the last equality. The eigenvalues of 
A' are the desired squared masses we are looking for. Taking the trace, they satisfy 



Q^Au 



g^Au 



(9e 



(2.39) 



Co 



Thus, the ^'"'s have acquired a mass of order the temperature scale. Due to the arbitrariness 
in the choice of parametrization of the D-fiat directions, we conclude that all charged 
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black hole hypermultiplets scalars c^" have a mass of order T. Combining this fact with the 
result of Eq. (2.29), we see that at the one-loop level, all scalars involved in the U{1)^ gauge 
theory coupled to R black hole hypermultiplets are acquiring masses at the conifold locus. 



The particular homogeneous and isotropic evolution (2.31) found in the study of the 
Coulomb branch can now be seen as a particular case of another set of cosmological solutions. 



where the scalars ^"^ are oscillating with damping, as can be shown along the lines of Ref. 11 



The energy stored in the oscillations and in the motion of the spectator moduli scales as 
and do not dominate over radiation. 



3 Stabilization at a non-Abelian gauge symmetry locus 

In this Section, our aim is to show how the moduli involved in extremal transitions realizing 
non-Abelian gauge theories can be stabilized, once finite temperature effects are taken into 
account. We specialize on the case of a geometric description of an SU{N) gauge theory 
coupled to g > 1 hypermultiplets in the adjoint representation. 

3.1 The geometrically engineered non-Abelian gauge theory 

Our starting point is the type IIA theory compactified on a CY manifold M, which can 



develop a genus-f? curve C of Ajy^i singularities 13,14]. Among the hu homology 2-cycles, 
— 1 are realized by 2-spheres Ti {i = 1, N — 1) in M, with intersection matrix corre- 
sponding to the Dynkin diagram of Ajy-i, and with volume shrinking to zero when we sit 
on a codimension A^ — 1 locus in the complexified Kahler moduli space A4v All connected 
2-cycles built out of the Fj's are of the form Tij = FjU- ■ - WTj, for l<i<j<A^ — 1, and can 
be wrapped by BPS D2-branes or anti-D2-branes (obtained by reversing the orientations). 
The former (latter) are associated to the (A^^ — A^)/2 positive (negative) roots of A^^i, 
while the perturbative spectrum provides the remaining massless multiplets in the Cartan 
subalgebra. In the large volume limit of the curve C, the model leads to an A/" = 2 theory 



in six dimensions describing an SU{N) gauge theory 32 . Thus, one can think about the 
four dimensional case as arising from an additional compactification on the curve C of genus 
g, which breaks further half of the supersymmetries. The result is an A/" = 2 SU {N) gauge 



theory coupled to g hypermultiplets in the adjoint representation 13 . 
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In the following, we restrict our attention to the cases where g > 1. Actually, when 
(7 = 0, the pure SU{N) gauge theory is asymptotically free and, as already mentioned 



at the end of Section 2.1, is Abelian in the IR, with gauge group f/(l)^~^. Thus, this 
situation is expected to be dual to a particular example of the conifold case we have already 
studied, for i? = S* = — 1. For g = 1, the vector and hypermultiplet in the adjoint 
representation combine into an A/" = 4 SU (N) gauge sector. This case is conformal and has 
already been considered in Ref . |ll] , yielding to an attraction of the moduli at the origin of 
the Coulomb branch, thus restoring the full non-Abelian symmetry. On the contrary, new 
physics is encountered for g > 2, since the SU (N) gauge theory is non-asymptotically free 
and moreover admits Coulomb and Higgs branches. 

The above phases are realized geometrically by compactifying on the original manifold 
M or on a distinct CY M" related to M by extremal transition, M -H- M". It is instructive 
to recover the Hodge numbers h'(-^ and /I'/j of M" derived by deforming the vanishing 2- 



cycles into finite volume 3-cycles 13 from the gauge theory point of view. On a smooth 



CY M, which corresponds to a generic point in the Coulomb branch the SU{N) gauge 
group is spontaneously broken to f/(l)^~^, beside a remaining "spectator" f/(l)" factor, 
where n = hn — {N — 1) + 1. The hi2 + 1 massless hypermultiplets include the g{N — 1) 
perturbative Cartan components of the g adjoint matter representations, together with m 
"spectator" hypermultiplets, m = hi2 — g{N — l) + l. The left-over N'^ — N non-Cartan vector 
and g{N'^ — N) matter multiplets are massive. On the other hand, for the compactification 
on M" to reproduce the spectrum in the Higgs branch, one must have h'd + 1 = n Abelian 
vector multiplets, and /ii2 + l = {g — l){N'^ — l) + m massless hypermultiplets. The remaining 
A^^ — 1 matter multiplets combine with the SU (N) vector multiplets into long massive vector 



multiplets. As a result, one obtains 13 



h'l, = hu - (AT - 1) , h'l, = h2 + ig- - 1) - giN - 1) . (3.1) 



-'^^When some non-trivial VEV's in the Cartan subalgebra coincide, SU{N) is broken to a product of 
non-Abelian SU groups and U{1) factors, with total rank equal to — 1. Geometrically, this corresponds 
to singular configurations of M, where some (but not all) of the — 1 2-spheres are vanishing. These 
circumstances are encountered in loci in the moduli space that admit the full enhanced SU{N) enhanced 
symmetry locus as a submanifold. 
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3.2 Tree level low energy description in gauged supergravity 



At finite temperature, the one-loop low energy effective action of the type IIA theory com- 
pactified on either M or M" (when g > 2) can be decomposed in two parts. The classical one, 
which is independent of T, and the one-loop Coleman- Weinberg thermal effective potential 
evaluated in some classical background. In this Section, we focus on the tree level action, 
which can be described by an A/" = 2 gauged supergravity. The latter, to be valid when M 
(or M") develops the curve of A^-i singularitites, has to include explicitly the whole set of 
light degrees of freedom, including the SU{N) gauge sector coupled to g hypermultiplets in 
the adjoint. 



Due to the relation (3.1), we can organize our discussion in terms of the Hodge numbers 
of M. The ungauged supergravity we start with contains hu + N"^ — N vector multiplets and 
hu + l + glN"^ — N) hypermultiplets, in order to take into account the non-Cartan generators, 
which arise from solitonic D2-branes when the compactification is on M. The scalar fields 
span a product manifold Aiy x Ain, with special Kahler and quaternionic metrics gjj and 
hxT.. As in the case of the conifold locus, we refer to the set of points in A^y x associated 
to compactifications developing the curve of Aj^^i singularities as the non-Abelian locus. In 
the symplectic bundle (X°, X^; Fq, Fj) (/ = 1, . . . , /in + A^^ — A^), the electric components 
are homogeneous coordinates of Aiy- Therefore, in the neighborhood of a given point Pq on 
the non-Abelian locus, we can set one of the X-entries to 1, say and work with special 
coordinates . Furthermore, we choose a chart q'^ (A = 1, . . . ,4(/ii2 + 1 + gi^N"^ — X))) 
of real coordinates on the hypermultiplet manifold M.Hi whose properties will be specified 
shortly. 

By construction, the metrics g^j and /iae are non-singular and admit a subgroup SU (N) 
of isometries we now gauge. We choose the vectors and scalars of the gauged vector multiplets 
to be labeled as and X"- (a = 1, . . . , N'^ — 1) and denote the left-over "spectator" scalars 
as X^ {p = N"^, . . . , hii + N"^ — N). Restricting for simplicity to the metric and scalar degrees 
of freedom, the Af = 2 tree level gauged supergravity action is 



^tree = j d'x ^ S^j - gjjV.X'V'X' - hj,^V,q''V^q'' - V^^ , 



(3.2) 



where the covariant derivatives are expressed in terms of the non-trivial Killing vectors /cf 



22 



and acting on A^y and Ain, 

V,X' = d,X' + AX , V,X' = d,X' + Alki , = + Alkt (3.3) 



The scalar potential V takes the form 29 



V = {gu k[ki + kt kf) e^X'^X' + /^7; /j - 3 e^X'^X' V^V^, (3.4) 



where the Kahler potential /C is defined as in Eq. (2.5) and 



/; = {dx' + IdxiJc) (ei'^X"), // = ^d^r + ^c^^./c) (ei'^X"). (3.5) 



The triplets of momentum maps appearing in Eq. (3.4) are associated to the non-trivial 
Killing vectors acting on the quaternionic manifold Ain, and are related to the hyper-Kahler 
2- forms K^, 

2 k^Kl^ = Vf^^^r: ^ d,.V: + e-'^ulVl (3.6) 

Utilizing Appendix C, the momentum maps Vq = Vp vanish identically, since the associated 
Killing vectors k^ and k^ are trivial. 

The vacua satisfy V = 0, and in particular the non-Abelian locus in My x Mh, where 
all vector multiplets and hypermultiplets we have introduced are massless. This is the case 
for the g'^'s if {X"") = 0, and for the X°'s if the Killing vectors and momentum maps vanish, 
i^a) ~ (^a ) ~ 0- Thus, the point Pq and actually the non-Abelian locus on which it sits are 
fixed by the isometrics. In the following, our aim is to derive the Taylor expansion of the 
Lagrangian density of the action (3.2) at Pq- 



Vector multiplet sector: Let us denote the coordinates of Pq in Mv as {Xq = 0,X^) 
and begin our discussion with the vector multiplet sector. The infinitesimal isometry action 
on the scalars, 6X^ = e"/cf , is generated by Killing vectors satisfying the su{N) algebra, 

[Kdxi , kidxj] = r'" kidxi, (3.7) 

where /"^^ are structure constants. Since the X"'s are in the adjoint representation and the 
Killing vectors are vanishing at Pq, we conclude that at lowest order, 

K = r'^X' + OiiX - Xo)^), k^ = OiiX - Xof). (3.8) 
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Utilizing Killing's equation, the above expressions can be used to constraint the zero*'^ order 
of the Kahler metric, 

V/,J,a: 9,KDjk^ + g^jDjk^ = ^ =^ df^ ^^^^ + d'S ^^^^ = 0, (3.9) 

where D is the covariant derivative on the complex manifold My Taking (/, J) = {d,e) 
leads to [g^°\T''] = 0, where {T'')^^ = -if^" are the SU{N) generators. Therefore, g^°^ 
is proportional to the identity matrix. On the other hand, the choice (/, J) = {d,p) yields 
g'^ = 0. Altogether, we conclude that there exists a constant > such that 

g^l = l\i + 0{X - Xo), gap = 0{X - Xq), g,^ = gf^ + 0{X - X,). (3.10) 



Finally, the Kahler potential at Pq takes the form given in Eq. (2.9), in term of which we 
have 

/; = e^'^''' 5'} + 0{X - Xo), /; = ei'^'"' 5] + 0{X - Xq). (3.11) 

Hypermultiplet sector: The matter sector necessitates more technical manipulations. 
Again, we start with the Killing vectors, whose action on Ai^ must satisfy 

[k^d^A , kfd^.] = r'^ k%.. (3.12) 

Since the geometry of the compactification is telling us that this algebra is realized by Ag 
adjoint representations, we know we can single out a coordinate system (g"'*',g"), where 
a = 1, . . . , X2 - 1 and A = 1, . . . , 4^, and a = Ag{N'^ - 1) + 1, ... , A{hi2 + 1 + ^(A^^ - A^))- 
Physically, the Ag adjoint representations are the components of the g hypermultiplets that 
are transforming under SU{N), while the remaining g"'s are singlets of SU (N) and therefore 
referred to as the components of the "spectator" hypermultiplets. Denoting the coordinates 
of Pq in -M-H as {qq^, Qq), where the Killing vectors are vanishing, the latter can be written 
at lowest order as 

kl' = r'^q"' - qt) + 0{{q - go)'), k^ = 0{{q - q,f). (3.13) 

To write down the form of the quaternionic metric at Pq, we make use of Killing's 
equation, where we denote interchangeably the coordinate system as q^ or (g"'^,g"), 

Q/ £abc c\\ Q/ £abc cX\ 

VA,S,a: h^^ D^k: + h^^ D^k^ = =^ hfl ^^^J ' + 4°i, ^^^J ' = 0. 

(3.14) 
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In the above equation, D is now the covariant derivative on M.h- The choice (A, S) = 
((ip, ecr) gives [h^P'^\T"'] = 0, where we have defined h^f,^"^ = /i^p^^., which is therefore propor- 
tional to the identity matrix. Moreover, for (A, S) = {dp, a) one obtains ha}ep = 0. In total, 
we have at this stage 

hax,bp = Sabhxp + 0{q ~ qo), hax,a = 0{q - go), h^p = h'-^l + 0{q - qo), (3.15) 

where h\p is a constant metric. 

To characterize the hyper-Kahler forms K'^ at Pq? we use the fact the quaternionic struc- 
ture must be preserved by the isometric fiow, up to SU (2) transformations. This is formu- 
lated by saying that there exist sections of the S'[/(2)-bundle over M.Hi such that 

= e"^"i^W,^ (3.16) 

where are the Lie derivatives with respect to the Killing vectors k^dqA. The VF^'s are 
called compensators and we first determine their value at Pq. To do so, we consider the 
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CaOj"" = V^^(2)vr; = dW^ + e^y^uW^. (3.17) 

Starting from the definition Ca(jJ^ = diaUj^ + iadoo^, where du^ + ^e^^^u^ A ^ = XK^ 
is the SU{2) curvature proportional to the hyper-Kahler forms, and using iaioo^ A u^) = 



iaCO^ cu^ — iaCO^, wc obtain from Eq. (3.17) 



Combining with Eq. (3.6), we find 

^sui2) Q ^ _ ^ ^ ^ = 0, (3.19) 

by virtue of Theorem 3 in Appendix C. Since both and k^d^A vanish at Pq, we conclude 



that (^'o) = as well. We are now in a position to use efficiently Eq. (3.16) we rewrite 
in components as, 

VA, S, a : k: dq^Kl^ + (9,Afc:)i^is + (a,.fcf)i^i^ = e^y^Kl^W:. (3.20) 
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At g = qo, this relation with (A, S) = {bX,cp) gives [K^^^^^T""] = 0, where we have defined 
j{^(^p) ^ K^j;^^^^,which is thus proportional to the identity matrix. With (A,S) = (6A,a), 



one obtains instead K 



x(0) 
c\.a 



0, SO that 



Kx,bp = ^abKlp + 0{q-q^), 



-"■a/3 



Klf + 0{q-q,), (3.21) 



O{q-qo). 

where K^^ is an antisymmetric constant matrix. 

The triplet of complex structures are related to the hyper-Kahler forms by the definition 



(B.4), so that J^^Y. = —h^^K^-^. Using Eqs (3.15) and (3.21), we obtain in the vicinity of 



r''\p = 5ir% + 0{q-qo), J 



ra TX'A 



xaX 



O{q-qo), 



jxa 
J f 



(3.22) 



where J^^p = —h^"K^^. Using the fact that the J^'^s's are satisfying the quaternionic 



algebra (Eq. (B.l) with n = hi2 + 1 + giN"^ — N)) everywhere on A4h and thus at Pq, 
we find J^^a are also triplets of complex structures (Eq. (B.l) with n = g) in each of the 
A^^ — 1 sub-tangent planes 7oa at Pq spanned by d/d^ax (at fixed a), endowed with the metric 
hxp. Applying Theorem 1 (see Appendix B) in 7oa, there exists a new basis CaAu in % 



Oa 



and its dual basis 6'"'^" in 7^^, where A = 1,. . . ,g and u = 1,2,3,4, such that J^^p, h\p 
and take canonical forms. This local basis defines a new set of coordinates c"-^" such 



that c/c''-^"L = 72^'^-^" and c"^"| 



Po 



0, which greatly simplifies the form of the metric. 



hyper-Kahler forms and Killing vectors on Ain- Using Eqs (3.15), (3.21) and (3.13), we 
obtain in the neighborhood of Ppp] 



haAu,bBv = -^SabSAB ^uv + 0{q — go), haAu,Q = 0{q — qo), 

Oiq-qo), 
O{iq-qo)'). 



^aAu.bBv 



-.^ab^AB'nlv + Oi.q- %) 



ly-x 

aAu,a 



hf, + 0{q-qo), 



K 



0{q - qo) 



f^bAu ^ jabc ^cAu ^ Q(^(^q _ q^Y^^ J^c 



(3.23) 



Finally, we know the momentum maps are vanishing at Pq- Moreover, since the left 



hand side of Eq. (3.6) is first order, the s must be second order. To determine them 

O{{q~qo?), 



explicitly in the neighborhood of Pq, we rewrite Eq. (3.6) as 



-rv^x. + (^((?-?o) 



Q(,bBv 

^''0{q — qo) denotes terms of order c*^-^" or (g" — q^). 



^ ' a 



(3.24) 
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whose solution is 

1 



V: = - c^'^^c'^-^'^C + 0{{q - qor). (3.25) 



Effective action: We are now equipped to determine the potential V of Eq. (3.4) in the 



vicinity of Pq. As follows from Eqs (3.10), (3.8), ( |3.23 ), the first three terms in V, which are 



positive, are of order four in (X — Xq) or (g — go)) while the last one, which is negative, is 
of order six and can be ignored. Introducing the S'[/(2)ii-doublets and notations 



^'^■^= (([^alt+^^^alt)!) X^X«n X^X'^n c^-^c^-^-n (3.26) 

the tree level potential can be written as 

V = e'^"" (^/2[X,X]"[X,X]" + 2[X,c-^"]'^[c-^",X]" + ^D'^^D"^) + ■ ■ • 

where D-^^ = -i/^^-^^^^V^c^, [X ,y]^ = tf^^' X^y, (3.27) 

with the dots standing for order five terms. 

Collecting the leading contributions to the kinetic terms, the low energy effective action 



(3.2) of the type IIA theory at finite temperature and compactified on M or M", close to 



their extremal transition, is at tree level and lowest order in scalar fields, 

(3.28) 

Therefore, up to the "spectator multiplets", the Lagrangian density has the form of a min- 
imally coupled rigid Af = 2 supersymmetric SU{N) gauge theory coupled to g hypermulti- 
plets in the adjoint representation, formally coupled to gravity. 

3.3 Tree level masses 



The tree level potential (3.27) admits flat directions, along which masses for the degrees of 
freedom involved in the SU{N) gauge theory are generated. Since they depend on the moduli, 
the one-loop free energy we will take into account in the following Sections will behave as 
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an effective potential, able to lift the flat directions of the vector and hypermultiplet scalars 
charged under SU{N). Actually, rather than the masses themselves, this goal requires the 
sum of the tree level squared masses of the bosonic degrees of freedom we now determine. 

Let us start by characterizing the fiat directions of V. In the vicinity of Pq, whose 
coordinates in J\4v x J\4h are (Xq = 0,Xq]Cq-^'^ = 0,^9), the set of vacua splits into a 
Cartesian product between: 

• The space parameterized by the "spectator moduli" X'^ and g", which are coordinates 
along the non-Abelian locus. 

• The space of configurations of the X"'s and c""^"'s, for which the semi-definite positive 
potential V vanishes. It is defined by the conditions 



[X, X] = 0, V^, u : [X, c 







and 



Va, X : 



0, 



(3.29) 



and admits Coulomb and Higgs branches to be specified later. 



To determine the mass terms, we substitute in the action (3.28) 



c 



,aAu 



+ 6d 



aAu 



(3.30) 



where (X",c""^'^) satisfies the constraints (3.29), and focus on the quadratic terms of the 
potential. For 6X''6X'^, we obtain from the first two terms of V in Eq. (3.27) 



21'' [SX, 5X]"[X, 5X]'' + 2[SX, c-^"]'^[c^", 5X]M := Ef,cSX'SX 



(3.31) 



while the contributions in 6X^6X'^ and their complex conjugate are irrelevant to compute 
the trace of the squared mass operator. Taking into account the normalization of the kinetic 



terms of the (5X"'s in the action (3.28), we find a contribution to the trace 

tr M^l = ^ + . . . = 4Xe'^"" (x^X'' + 4 c''^"c"^ 
idx 12 \ 12 



+ 



(3.32) 



The factor 2 counts the real and imaginary parts of (5X", the factor N arises from the relation 
tr (T°'T^) = N6"''' and the ellipsis stand for higher order terms in the scalar fields. 



Terms in (5c"'^"(5c^^'' arise from the second term in (|3.27[) 



e'='°'2[X,fc^"]'^[<5c-^",X]« ■.= lLaAu,bBvSc''^''Sc"''' 



(3.33) 
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and the D-terms. To evaluate the latter, it is convenient to rewrite the third term of Eq. 



(3.4) around Pq in an alternative form, using Eq. (A. 5) 

r(0) 1 



e-" -D-D 



ax r^ax 

__ r(0) 



i^(2[c■^^c-^"]'^[c 



(3.34) 



Substituting (|3.30|), the only terms that may contribute to the trace of squared masses are 

r(0) 1 



,Av ^Auiai^Bu jr^Bvia 



1 



.aAu c- bBv 



(3.35) 



The kinetic terms of the Jc^-^^'s being canonical, we obtain 
tr M^l^^ = {L + P)aAu,aAu + ■■■ = ^Ne'^'°' (^AgX'^X'' 



2/2 



^aAu^aAu 



+ 



(3.36) 



All terms in 6X6c""^^ or their complex conjugate do not contribute the trace. This completes 
the analysis arising from the scalar fields. 

To proceed, we need the contribution associated to the vector bosons. The Yang-Mills 



Lagrangian density implicit in Eq. (3.28) can be written as 

^ ' AB ^ ^lu-^ 5 



(3.37) 



where the index A takes values or / to account for the graviphoton, are the gauge 
kinetic functions evaluated at Pq and = dA-^. When (3.30) is applied and we keep the 
lowest order terms in scalar fields, a mass matrix Qat is generated by the covariant derivatives 
and we obtain in flat Minkowski space. 



(3.38) 



Therefore, the contribution of the vector bosons to the trace of squared masses is 



I A'' 



where the factor 3 counts the number of degrees of freedom in massive spin-one fields. It 
is certainly possible to evaluate the inverse metric t^^')"-'^ from its form dictated by A/" = 2 



supergravity 29 . However, this can be avoided by noticing that trM 1^,^ is known when 
(7=1. In this conformal case, there is no Higgs branch and, in the Coulomb phase, all 
massive degrees of freedom sit in long vector multiplets (see Table |2]). Each of them contains 
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3 degrees of freedom associated to the vector bosons and 5 from the scalars, which are all 
degenerate. Therefore, we have 



trM^rr = ^(trM^|-^ + trM^ir) + 



(3.40) 



Comparing with Eq. (3.39), we find T-'^o)ba j^cda j^cebp ^ 2N e^^°'' 5'^'^ and therefore for arbitrary 



tr M^l^^ = l2Ne'^^°^ {x^X" + ^ c^'^^c"^^ 



+ 



(3.41) 



Collecting the contributions of the scalar masses Eqs (3.32), (3.36) and spin-one fields Eq. 



(3.41), we arrive at the final result for the trace of the squared mass operator in the bosonic 



sector of the SU{N) gauge theory coupled to g hypermultiplets in the adjoint representation, 
valid in the vicinity of Pq, 



trM^ = 16iVe' 

I gauge 



(3.42) 



We recall that the above expression applies to any scalar configuration satisfying (3.29), in 
which case all tadpoles are vanishing. 



3.4 Lifting the Coulomb branch at one-loop 



The space of classical flat directions around Pq splits into several branches. The Coulomb 
phase corresponds to scalar VEV's such that the matrices X"T" and c^-^^T" sit in the Cartan 



sub-algebra. In this case, the two first conditions in Eq. (3.29) are satisfied, while the D-term 



condition follows from Eq. (3.34). Denoting as T* (i = 1, . . . , — 1) the Cartan generators 
of SU{N) and T'* {a = N, . . . , N"^ — N) the remaining ones, we have 

0) I X I {XP, g") arbitrary! 

(3.43) 



Coulomb branch: I (X* arbitrary, X" = 0, c*"^" arbitrary, >^ ~ j ' 'i ; j , 



which corresponds to a compactification on the CY space M. As noticed in Footnote 16 , M 
is a smooth manifold, except when some X* = X^ and c*-^" = c-'-^" for i j, so that SU (X) 
is broken to a non-Abelian subgroup of rank X — 1. 



In the coulomb phase, when the X*'s are generic but c 



(for all A and u), no 



mass mixing terms of the form 6X°'6c''^^ or 6X"'6c^^^ are generated by the shift (3.30) in 
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V. Therefore, the A^^ — gauge bosons that are acquiring masses eat half of the degrees of 
freedom of the 5X"'s and 6X"'^s, and combine into A^^ — short massive vector multiplets. 
Thus, the ratio tr 



must equal 3/ (2 — 1) = 3, which is satisfied by Eqs (3.39) 



and (3.32). The complete superfield content in this case is reported in Table 2 





Scalars acquiring VEV's 


Superfields 




In vector 


In hyper- 


Vector multiplets 


Hypermultiplets 




rnuhiplets 


multiplets 


Massless 
(moduli) 


Massive 
short 


Massive 
long 


Massless 
(moduli) 


Massive 


Coulomb 




none 


TV- 1 







9{N - 1) 


g{N^ - N) 


phase 


X' 
or none 


















N-1 







9{N-1) 


{g-l){N^~N) 


Higgs 
phase 


none 


gauge orbits 
such that 








N'^ - 1 


{g-l){N^-l) 






Table 2: Superfield contents in the Coulomb and Higgs branches (when g > 2) associated to the 
N = 2 SU{N) gauge theory coupled to g hypermultiplets in the adjoint representation, which is 
encountered in the neighborhood of a non-Abelian locus in A^y x Mh- The scalars and of 
the massless spectator vector multiplets and hypermultiplets are not represented. At special loci 
in the Coulomb branch, where some = X^ and c^-^" = c^-^" for i / j, some generically massive 
multiplets are actually massless, and the SU{N) gauge symmetry is broken to a non-Abelian 
subgroup of rank — 1, rather than U{1)^~'^. 



Similarly, when X* = (for all i) but the c''^"'s are generic, there are still no mixing 
terms between the vector and matter scalars. However, the A^^ — A^ vector boson eat as 
many would-be-Goldstone bosons now among the 6c""^^, and the massive spectrum contains 
A^^ — A^ long vector multiplets. Thus, the ratio trM^|^^ / trM^|^^ must equal 3/2, again 



satisfied by Eqs (3.39) and (3.32) 



On the contrary, at a generic point in the branch (3.43), the mass mixing terms imply the 
mass eigenstates are combinations of vector and hypermultiplet scalars. Therefore, trM^|^^ 
and tr | cannot be interpreted as sums of squared masses in separated vector and hyper- 
multiplet scalar sectors. Only the sum trM^l^j,^ + trM^l^j^ makes sense, as the contribution 
of the full spin-zero sector. Moreover, the would-be-Goldstone bosons are combinations of 
the non-Cartan vector and hypermultiplet scalars. 

Restricted to the weak string coupling regime, we are now ready to write the one-loop 
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thermal effective action. In the Coulomb branch, it amounts to adding the tree level action 



(|3.28|) in a vacuum (|3.43|) to the one-loop Coleman- Weinberg effective potential T 

1 



(3.44) 



As seen in Eq. (2.21 ), J-" is actually the free energy density, which in the present case is 



= -TV 4 + 4/in + 4(/ii2 + 1) G(0) 



T 



(3.45) 



where the index s labels all pairs of degenerate boson/fermion states in the massive vector 
multiplets and hypermultiplets involved in the SU{N) gauge theory and collected in Table 
51 In Eq. (3.45), we take the temperature to be below the lower bound M^in > at Pq 



of the remaining masses of the full string spectrum. J-" is minimal when and only when all 
classical masses in the SU{N) gauge sector vanish, Vs : = 0. Using the general formula 



(3.42) in the Coulomb branch. 



f| = tr 



gauge 



IQNe 



(3.46) 



this implies X* = 0, c*"^" = 0. Therefore, all moduli involved in the Coulomb phase of the 
SU{N) gauge theory are lifted. Their kinetic terms being diagonal, the masses they acquire 
at one-loop are 



Ml 



loop p dX'dX^ 



1 ^ 92 Mf 



Af 2 ^ 



16 P 

- Tl 

~ 16 



dX^dX^ 



XJ=cJ-^"=0 



QQiAuQ^iAu 



P 

N ^(0) 



(3.47) 



while the classically massless U{1)^~^ spin-1 fields do not acquire masses. Moreover, due to 
the arbitrariness in the choice of Cartan subalgebra at the origin of the Coulomb branch, 
we conclude that all vector multiplet and hypermultiplet scalars X" and c"'^", even though 
classically massless, have one-loop masses at their point of stabilization, 

N ^(0) 



where the full SU{N) x [/(l)'^ii^(^^i)+i gauge symmetry is restored. 



^cl-loop ~ -^^ ^ ^2 ^ 



(3.48) 
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In a homogeneous and isotropic universe, the free energy density (3.45) leads along the 
SU{N) non-Abelian locus to the state equation for radiation, p = 3P, when T is low enough. 
Consequences of this fact are similar to those encountered in the case of the conifold locus. 



below Eq. (2.30). A cosmological evolution for the scale factor and temperature exists, with 



static scalars fields, 

a(t) oc 



oc 



aAu 



, X^, constant. 



(3.49) 



where t is the cosmological time. Since T decreases, the consistency of the approximation 



T ^ Mjnin used to neglect exponentially suppressed contributions in the free energy (3.45) is 



guaranteed. As in the = 4 case {g = 1 here) analyzed in Ref. 11 , other time-evolutions 
compatible with homogeneity and isotropy exist, where the moduli X* and c*-^" oscillate 
with damping in the Coulomb branch, thus converging to their minimum. The fact that 
their masses are of order the temperature scale and decreases as the universe expand implies 
the cosmological moduli problem is avoided. 



3.5 Lifting the Higgs branch at one-loop 

At the origin of the Coulomb branch, the conditions D""^ = become non-trivial constraints 
on the hypermultiplet scalars, which define the Higgs phase, 

Higgs branch : | (X" = 0, "^"^ such that D''^ = O) | x | (X^, g") arbitrary |. (3.50) 

The above conditions fix 3{N^ — 1) components among the 4:g{N'^ — 1) scalars c"'^". Along 
the flat directions, the SU{N) local symmetry is completely Higgsed spontaneously. The 
remaining global SU (N) orbits can be used to gauge away X^ — 1 would-be-Goldstone bosons, 
so that 4{g — 1)(X^ — 1) flat directions of inequivalent vacua remain. By supersymmetry, the 
latter can be parameterized by the scalars of {g — 1)(X^ — 1) neutral hypermultiplets. Thus, 
the above Higgs branch exists only for g > 2, in which case it is realized geometrically by 



compactifying on the CY M" with Hodge numbers given in Eq. (3.1). Actually, X — 1 of 



the initial g{N'^ — 1) hypermultiplets combine with the Higgsed vector multiplets into X^ 
massive long vector multiplets, as summarized in Table Therefore trM^|^^ / trM 



trM 1^^/ ti M = 3/2 must be satisfied, which is consistent with Eqs (3.39), (3.32) and 



(3.36) when X" = 0. 
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In the case of the Coulomb phase, we introduced an arbitrary choice of Cartan gener- 
ators T* among the T"'s. In a similar way, we now define an arbitrary set of coordinates 
_ x^_ _ _^4(^(^ _ i)(A^2 _ along the Higgs phase flat directions. They satisfy 
jafec^6^t(^)^^'^c^(^) = and the Jacobian matrix (^^) is of rank A{g - 1){N^ - 1). The 
origin of the Higgs branch is denoted In these notations, the one-loop effective action of 
the type IIA string theory compactified on M" at finite temperature is, in the neighborhood 
of Po, 

5i-ioop = Jd'x^l^^- g^;^ dX^dX" - h^Z drdC - h% dq^dq^ - ^| , (3.51) 



where the induced metric of the ^'"'s is 

Q^aAu 



1 P)„aAu 



(3.52) 



2 dC' 

In the present case, the free energy density J-" takes the form 

^ = -T^ I (4 + Ah'[, + A{h'[, + 1))g(0) + 8 g(^) + 0(e-^) |, (3.53) 

where the factor 8 counts the number of boson/fermion pairs of states in the long vector 
multiplets of masses Ma (a = 1, . . . , A^^ — 1). The contributions of all the other massive 
modes of the spectrum are exponentially suppressed, when T < Mmin- 



The minimum of J-" is reached when the classical masses Ma vanish. Applying Eq. (3.42) 
in the Higgs branch, 

8 V = tr M^l = 16^e'^"" ^aAu^aAu ^ . . .3 

/ -I " I gauge 12 ' ^ ' 

a 

we see that this selects the origin of the Higgs branch, c'^-^'^ = 0. Therefore, all classical 
fiat directions ^"^ are lifted and admit a unique minimum at at the one- loop level. The 
squared mass matrix of the ^™'s is 



1 <^2x- 



" 2 9^'(9e 



16 2 4^(9^'9e 



a 



T^2^e'='"'C, (3.55) 



€0 

where we have used the fact that c^-^^l^p = to reach the last equality. Thus, the ^"^'s are 
mass eigenstates and degenerate. Since the parametrization of the Higgs branch was chosen 



arbitrarily, we obtain that all scalars c°-^'^ acquire a common mass given by Eq. (3.55). 
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Consistently, this is the result we already found by approaching the SU{N) non-Abelian 



locus from the Coulomb branch, Eq. (3.48). 



From a cosmological point of view, the expanding universe with static moduli and filled 



with radiation of Eq. (3.49) appears as a particular case of a second class of homogeneous 
and isotropic time-evolutions. In this class, even if the ^'"'s oscillate with damping, the 



cosmological moduli problem is avoided 11 



4 Stabilization at intersections of extremal transition 
loci 

In the previous Sections, we have shown that the thermal effective potential admits local 
minima along submanifolds in moduli space, where the internal CY develops singularities. 
Therefore, the intersection points of various such loci are expected to define dynamically 
preferred configurations of the internal space. In the following, we illustrate this fact on 
an example in type IIA (IIB), where the Kahler (complex structure) moduli space is com- 
pletely lifted, together with some of the complex structure (Kahler) moduli. This implies 
in particular that the axio-dilaton field of the heterotic dual description is stabilized. We 
then discuss how this phenomenon is expected to apply in generic CY compactifications to 
all vector multiplet and most of the hypermultiplet scalars. 



4.1 Example 



Let us consider an example, with small Hodge number hu 33,34 . The type IIA model we 
analyze at finite temperature is compactified on a CY manifold M obtained by resolving the 
singularities of a degree 12 hypersurface in P^-^ 1226)- Denoting the projective coordinates as 
Xi, . . . , X5, the ambient space presents initially a singularity of type Ai at Xi = X2 = 0. Along 
this locus, the polynomial of M defines a curve C of genus 2. Blowing up the ambient space 
singularity, M becomes a smooth CY manifold, whose Kahler moduli space Aiy admits a 
non-Abelian locus with N = 2 and g = 2. Counting the allowed monomials of the defining 
polynomial of M, one finds there are hu = 128 complex structure moduli. 

Equivalently, the model can be analyzed in type IIB compactified on the mirror CY three- 
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fold W. The latter is defined by the vanishing locus of degree 12 polynomials in P^^ 1226) 



modded out by some particular Z? x Z2 group. The most general hypersurface consistent 



with this action is 13 , 14 , 33 , 34 



^ = xl^ + xl^ + xl + xl + xl- I2i) X1X2X3X4X5 - 20 xlxl , (4.1) 

which admits 2 complex structure deformations, ip and (f). Therefore, the manifold M admits 
hii = 2 Kahler moduli. Defining 

the locus ^ = develops singularities when AcA„^ vanishes, where 

A,= {l-Z^Y-Zfz2, Ar^A=l-Z2. (4.3) 



When Ac = 0, nodes are occurring, which are identified under Zg x Z2. Therefore, Ai 



V 



admits a conifold locus characterized by i? = S" = 1,^^ When AnA = 0, other isolated 
singularities occur, yielding again a single singular point on the quotient. Since we know 
Aiv admits a non-Abelian locus, this second point-like singularity must be associated to 
the type IIB realization of the SU{2) gauge theory. This is confirmed once the orbifold 
singularities implied by the discrete modding are blown up to obtain a smooth manifold 



W 33 34 



Since R = S, there is no extremal transition associated to the conifold locus. On the 
contrary, when M develops the genus-gf curve of Ai singularities, the fact that g > 1 implies 
that M can be deformed into a distinct smooth CY M". The ambient spaces, degrees 
of polynomials and Hodge numbers of the families of CY manifolds on either side of the 



associated non-Abelian extremal transition are 13 , 14 



P(i,i,2,2,6)[12](2,128) ^ P^i,i,i,i,,,3)[2,6](l,129). (4.4) 

Beside the f/(l)grav gauge factor associated to the graviphoton, the type IIA compactifica- 
tions on M and M" realize geometrically the phases of the f/(l)con Abelian theory coupled to 
a charged hypermultiplet and SU (2) super- Yang- Mills theory coupled to two hypermultiplets 
in the adjoint representation, 

type IIA on M : | Coulomb phase of f/(l)con| x | Coulomb phase of 5'f/(2)| 

type IIA on M" : jCoulomb phase of f/(l)con} x jffiggs phase of 5f/(2)|. (4.5) 

"'^^We use the fact that the imrror of the conifold T4^ is a conifold M. 



36 



The conifold and non-Abelian loci intersect at two points on the compactified moduh 
space Aiy 33 , 



(zi,^2) = (1/2,1) or (oo,l). (4.6) 

In either of these configurations, the node and isolated singularity on the hypersurface ^ = 
are separated from each other and generate independent massless states. From the type IIA 
point of view on the singular space M, the single massless black hole hypermultiplet has 
charges Qi = 1 with respect to ?7(l)con and Q2 = with respect to the U{1) Cartan 
subgroup of SU{2). Similarly, the vector multiplet and g = 2 hypermultiplets in the adjoint 
representation of SU{2) are neutral with respect to f/(l)con- Therefore, we can combine 
the results of the previous Sections and consider the extended moduli space Aiy x -Mh, 
which takes into account the scalar fields of the light non-perturbative states arising when 



{zi, Z2) is close to one of the critical values in Eq. (4.6). Choosing a point Pq located at the 
intersection of the conifold and non-Abelian loci in Aiy x -Mh, the tree level low energy 
effective action of the type IIA string theory compactified on M or M" takes near Pq the 
form, 

^tree = J d'x - if d^X^d^X^ - P V^X'^V'^X'^ 

-e^™ (2|Xi|2ciV" + ^(ciV")2) 

(P\X, XX\X, X]" + 2[X, c-^"]"[c-^", X]" + ^D^'^D"^^ + • • • |. 

(4.7) 

Our conventions are as follows: X^ is the scalar partner of the f/(l)con gauge boson and 
X" (a = 2,3,4) is in the adjoint of SU{2). Similarly, c^" are the components of the black 
hole hypermultiplet, while c"-^" are those of the two hypermultiplets in the adjoint of SU{2). 
The scalars of the 127 (see below for the counting) hypermultiplets that are neutral with 
respect to f/(l)con x SU{2) are denoted q" and the metric in their subspace in Jvi^ at Pq is 
h^^p. Similarly, P are the non- vanishing entries of the Kahler metric on TWy at P05 whose 
coordinates are (Xq = 0, Xq = 0; Cq" = 0, Cq-^" = 0, ), so that the Kahler potential defined 



in Eq. (2.5) reduces to /C(°) = - ln[i(Fo - i^o)]- 
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Taking into account one-loop corrections, the scalars X^, X", c^" and c"'^" are stabilized at 
zero and acquire masses of order the temperature scale, while the g"'s remain flat directions 
of the thermal effective potential. Moreover, the full t/(l)grav x f^(l)con x SU{2) gauge theory- 
is restored. From a geometrical point of view, starting from a type IIA compactification on 
M, the quantum/thermal effects on the perturbative moduli imply: 



• The hii = 2 Kahler moduli are stabilized in one of the two minima given in Eq. (4.6). 

• The scalars of g{N — 1) = 2 hypermultiplets are stabilized at the origin of the Coulomb 
branch of SU{2) in Mh- 

• The scalars of the hi2 + 1 — g{N — 1) = 127 left-over hypermultiplets remain flat 
directions in JHh- 

Similarly, starting from a type IIA compactification on M", the thermal free energy density 
implies: 

• The h'l^ = 1 complexified Kahler modulus parameterizing My is stabilized. 

• The scalars of {g — 1)(A^^ — 1) = 3 hypermultiplets are stabilized at the origin of the 
Higgs branch of SU{2) in M'^. 

• The scalars of the /I'/g + ^ ~ {g — l)(iV^ — 1) = 127 left-over hypermultiplets remain fiat 
directions in A^'^. 

The heterotic dual: At zero temperature, the type IIA string model compactified on M 
admits a heterotic dual description |26|. This follows from the fact that the CY manifolds 
in the family P^^ 2 2 6)[-'-^] -ft'3-fibrations |25|. The heterotic model is compactified on 
K3 X T^, where the 2-torus moduli Th and Uh are identified, Th = Uh (their difference being 
projected out), and the full non-Abelian gauge group is Higgsed. Consistently, the massless 
spectrum contains 2 vector multiplets associated to the and Sh moduli, where Sh is the 
heterotic axio-dilaton, together with 129 neutral hypermultiplets. 

Th and Sh are special coordinates that can be identified with those obtained by inverting 
the mirror map: 2:1 (ti, ^2), -22(^1,^2)- To render the identification precise [26], one observes 
that in the large complex structure limit of W, t2 — > +oc, one finds 

zi = — + ---, Z2 = e-'^ + ■ ■ ■ , (4.8) 

where j is the SL{2, Z)-invariant modular form. Therefore, Z2 ^ and the two roots of 
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the discriminant locus Ac in Eq. (4.3) merge into zi = 1. These facts match exactly the 
behavior of the perturbative heterotic model, under the identification 



Th = h, Sh = h. (4.9) 
Actually, the latter develops an SU{2) enhanced gauge symmetry when = i modulo the 



classical T-duality group SL{2, Z), in perfect agreement with Eq. (4.8) for zi = 1. Moreover, 
when t2 is finite, the conifold locus splits into two branches, as predicted by the exact pure 
SU{2) J\f = 2 super- Yang-Mills theory f35|. Being asymptotically free, the latter reduces 
in the IR to a U{1) gauge theory coupled to a single (dyonic) hypermultiplet, realized as 



f/(l)con in the type II setup 27,28 



In their exact versions, the type II and heterotic models are supposed to be equivalent. 
Therefore, switching on finite temperature on both theories must lead to a new dual pair 
of non-supersymmetric models. This expectation is confirmed by the fact that at the levels 
of the worldsheet conformal field theories, finite temperature is introduced by implementing 
spontaneous breakings of supersymmetry "a la Scherk-Schwarz" , along the Euclidean time 
circles. Using an adiabatic argument |36], under a free action, the two theories remain dual. 
Therefore, the stabilization of the complex structure moduli Zi,Z2 of W at one of the two 



points in Eq. (4.6) translates immediately into a stabilization of the torus modulus Th and 
axio-dilaton Sh in the dual heterotic model at finite temperature. The latter are given by 
the inverse mirror map, Th{zi,Z2), Sh{zi,Z2), where Zi = 1/2 or oo and Z2 = 1. As seen in 



Eq. (4.8), the obtained value of Sh corresponds to a strong coupling regime of the heterotic 
theory. 

Actually, the two local minima of (Th, Sh) are uniquely determined, modulo the orbit 
of the exact heterotic duality group. Since the complex structure moduli space of W is 
exactly known at tree level in type IIB, the exact heterotic duality group is nothing but 
the monodromy group derived around the singular loci of the type IIB complex structure 



moduli space Aiy As shown in Ref. 28 , the latter contains the perturbative heterotic 
duality group (including the quantized axionic shift), the monodromies of the exact pure 
SU {2) M = 2 super- Yang-Mills theory, as well as a generator associated to the non-Abelian 



locus in J\4.v that exchanges roughly Th with Sh 25,28 



19 



To not be confused with the SU (2) gauge group occurring at the type II non-Abehan locus. 
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From the heterotic viewpoint, the origin of the SU{2) gauge theory coupled to two 
adjoint hypermultiplets at 2:2 = 1 is intrinsically non-perturbative and may be related to 



the existence of the NS5-brane. In fact, translated via S-duality into a type I picture 37 
NS5-branes would be mapped into D5-branes that may play a role analogous to that of Dl- 
branes already considered in Ref. There, Dl-brane states winding internal 1-cycles were 
taken into account in the evaluation of the thermal free energy, whose effect was to stabilize 
internal moduli. Adding the contributions of D5-brane states winding internal 5-cycles in the 
evaluation of the free energy may lead to a stabilization of the type I dilaton. Alternatively, 
the contributions of the solitonic Dl-brane states were shown to be equivalently described 
in terms of El-instantons wrapping the Euclidean time circle S^{Rq) and internal 1-cycles. 
Thus, it would be interesting to see if E5-instantons wrapping S^{Ro) and internal 5-cycles 
would contribute in such a way to generate a potential for the type I dilaton. 

Finally, note that the depth of the minimum of the free energy density depends only on 
the number of classically massless states at this point. Therefore, the two minima in Eq. 



(4.6) are degenerate. Moreover, both are at finite distance in the compactified moduli space 
Aiv Therefore, it may be interesting to find instantonic transitions between them, and 
analyze resulting physical consequences. 



4.2 Discussion 

The qualitative behavior and stabilization issues of the example of compactification we have 
analyzed are shared by numerous models based on other families of threefolds, with small 
Hodge numbers hn. For instance, cases where hn = 2 or 3, iV = 2 or 3 and g = 2, ... ,15 



can be found in Refs 13 14 



In fact, in any type II compactification on a CY space, we expect the vector multiplet 
moduli space A^y to be completely lifted once finite temperature is switched on, the latter 
point being certainly relevant to describe the cosmological evolution of our universe. Geo- 
metrically, this means that all Kahler moduli in type IIA and all complex structure moduli 
in type IIB have masses of order the temperature scale. From the IIA point of view (and 
similarly in the IIB mirror picture), the mechanism is based on the fact that all homology 
classes of 2-cycles can vanish and that D2-branes wrapped on their representatives should al- 
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ways give rise to non-perturbative BPS states that are massless (at zero temperature), when 
the cycles collapse. In this work, this was analyzed in detail at conifold points, as well as at 
loci of SU (N) enhanced gauge symmetries coupled to g hypermultiplets in the adjoint rep- 
resentations. It would be interesting to extend our approach to other points where 2-cycles 
are vanishing, by identifying the geometrically engineered gauge theories and the associated 
massless BPS states. For instance, one may analyze the case of non-Abelian gauge theories 



coupled to matter in the fundamental representations, which is considered in Ref. 15 



Flat directions in the classical hypermultiplet moduli space Ain are also lifted. This 
is the case for the directions that realize branches of the above mentioned gauge theories. 
In other words, say in type IIA, the 3-cycles that can be resolved into 2-cycles when they 
collapse are expected to be associated to quaternionic directions in Mh lifted by the thermal 
effective potential. For instance, these scalars parameterize the Higgs branch arising at a 
conifold locus (when R > S), or the Coulomb or Higgs branches of the non-Abelian case 
we have analyzed. A question then arises: Can we stabilize this way all complex structure 
moduli in type IIA (Kahler moduli in type IIB)? To answer this question, let us consider a 
CY manifold M admitting 2-cycles that cannot be deformed into 3-cycles. Such a case was 
understood physically in our study of the conifold locus in type IIA, when R = S so that 
no Higgs branch exists. By mirror symmetry, there exist 3-cycles in the mirror CY W that 
cannot be resolved into 2-cycles. Utilizing W to compactify the type IIA string, the eventual 
(gauge) theory realized geometrically in the vicinity of the vanishing locus in A^j;/ of these 
3-cycles is not know to us. Therefore, we are not able to identify possible massless states 
occurring at these points, which would induce a local minimum of the free energy density 
and a stabilization of the associated complex structure moduli of W. Clearly, it would be 
very interesting to clarify this issue. 

The above discussion of Ain concerns the hi2 quaternionic directions associated to the 
complex structure of the internal space in type IIA. The remaining one, associated to the 
unique (3, 0)-homology class, is parameterized by the scalars of the universal hypermultiplet, 
which contains the type II dilaton. Since the 3-cycles involved in the discussion of the tree 
level masses we considered can be resolved into 2-cycles, the universal hypermultiplet was 
always "spectator" and therefore unlifted by the thermal effective potential. This fact is 
actually consistent with our restriction to the case of a dilaton field sitting in a weak coupling 
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regime, throughout the process of moduh stabihzation. In fact, in string-frame, the one-loop 
correction to the vacuum energy is independent of the dilaton. In the Einstein frame, the 
vacuum energy acquires a dilaton dressing, which is however absorbed in the overall T"^ 



factor (see e.g. Eq. (2.23)), where the temperature measured in this frame is defined as 

Therefore, it is only by taking into account higher loop corrections and non-perturbative 
effects that the thermal effective potential would source the type II dilaton, though at strong 
coupling. It may then be possible to study this regime in the dual heterotic picture, where 
the hypermultiplet moduli space is exactly know, given the fact that Sh sits in a vector 
multiplet. Working at heterotic weak coupling, the one- loop free energy evaluated on the 
heterotic side may stabilize the hypermultiplet dual to the universal one in type II. 

In this paper, the attraction to a point Pq in Aiy x Ai ^ , where additional states become 
massless at zero temperature is shown provided the temperature is low enough compared to 
Mmin, the lower bound of the non-vanishing masses at Pq- Moreover, if at this point the hu 
homology classes vanish, it follows that Mmin must be of order 0{e'^/\/a'). Therefore, the 



massive contributions 0{e *'^min/T^ neglected in the free energy (see e.g. Eq. (2.23)) are 
exponentially suppressed, as soon as the universe exits the Hagedorn era and starts to cool. 

At very early times, close to the Hagedorn temperature (T ~ e'^/y/a'), the width of 
the potential J-" as a function of the moduli is very large. This follows from the fact that 
g-Ms/T ^ggg -gq^ (2.26)), where Mg is a mo dull- dependent mass that vanishes at Pq, is not 
narrow when T is large. Therefore, even if initially the moduli fields sit at a point P very 
far from the local minimum at Pq, the well of the potential may contain both P and Pq, 
so that the system is dynamically attracted to a neighborhood of Pq, where the analysis of 
the present work starts to apply. Actually, the well of the effective potential may overlap 
many CY moduli spaces, such as M, M', M", . . . connected by extremal transitions, so that 
the dynamical mechanism of moduli stabilization may favor CY compactifications with large 
Hodge numbers, for the local minima of J-" to be deep. 
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5 Summary and perspectives 



In this paper, we address the question of moduh stabihzation in the context of type II super- 
string theory compactified on CY threefolds, once finite temperature is switched on. Even if 
the worldsheet conformal field theory is interacting, finite temperature can be implemented 
at the string level by a free orbifold action on the Euclidean time circle. This setup leads to 
no-scale models [6], i.e. classical theories where supersymmetry is spontaneously broken in 
fiat Minkowski space. Therefore, fiat directions of the classical potential exist, which can be 
organized as a product of special Kahler and quaternionic manifolds, as follows from J\f = 2 
supersymmetry. 

The above moduli spaces admit particular loci, where the internal manifold develops 
singularities when 2-cycles or 3-cycles collapse, implying generically massive supermultiplets 
to become massless. For instance in type IIA, BPS D2-branes on vanishing 2-cycles lead to 



hypermultiplets charged under f/(l) factors at conifold loci 12 , or SU{N) enhanced gauge 



symmetries coupled to g > 1 hypermultiplets at some "non-Abelian loci" [13] . We show that 
at least in the weak string coupling regime, quantum/thermal effects stabilize the moduli 
at such particular points. The analysis is based on the one-loop low energy effective action, 
without integrating out the above additional light states in the sense of Wilsonian effective 
action, in order to avoid any IR divergence. This perturbative analysis is justified by the 
fact the gauge theories are non-asymptotically free. We first determine the classical part 
of the action, which is a supergravity theory, whose gauging induces a potential we use to 
determine the moduli-dependent classical masses of the extra light states. At one-loop and 
low enough temperature, the stringy Coleman- Weinberg effective potential depends on the 
classical masses and can be shown to admit local minima precisely where the light fields 
become classically massless. 

The scalars that are stabilized are those belonging to the vector multiplets and hyper- 
multiplets involved in the gauge theories geometrically engineered in the vicinities of the loci, 
where the internal CY is singular. From the perspective of their stringy realizations, they 
can either be non-perturbative fields, or perturbative one, in which case they are identified 
with fiat directions of the initial classical potential. Therefore, the mechanism stabilizes 
both Kahler and complex structure moduli. In fact, the points in moduli space that are 
favored are situated at the intersection of several loci, each of which being associated to 
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singularities developed by the internal space. We have argued that in general, say in type 
IIA, the entire Kahler moduli space is expected to be lifted, as well as the complex structure 
moduli associated to 3-cycles which can be resolved into 2-cycles. 

In this setup, the temperature T is actually the no-scale modulus, also lifted by the ther- 
mal effective potential. However, instead of being stabilized (!) it acquires a run away behav- 
ior, which from a cosmological point of view arises when the fiat universe expands. In other 
words, the model being non-supersymetric, time-translation is broken and the non-trivial 
one-loop contribution to the vacuum energy back-reacts on the classically static universe, 
which enters in quasi-static cosmological evolution. Homogenous and isotropic radiation 
dominated eras exist, characterized by static moduli sitting at their minima. They are par- 
ticular solutions among more general ones, where the massive moduli oscillate with damping 
around their minima. However, their "masses" happen to be proportional to the tempera- 



ture, which is itself time-dependent and decreasing. As analyzed in detail in Ref. 11 , the 
energy density stored in their oscillations scales as rather than T^, as is the case when 
scalars have constant masses. As a result, moduli never dominate over radiation and the 



cosmological moduli problem 22 does not occur. 

At one time or another, switching on finite temperature in a theoretical setup is certainly 
relevant to account for certain phases of the cosmological evolution of the universe. We stress 
that in the context of type II compactifications on CY threefolds, the effects described in 
this work should not be omitted. In the same process, they lead to stabilizations of moduli 
and determine the gauge group of the theory at low energy. In particular, the non-Abelian 
factors arise precisely at the points of enhanced gauge theory the moduli are attracted to. 

However, more work is required to extend our results to compactifications on generalized 



CY spaces 17 , including fluxes, branes and orientifold projections, leading to A/" = 1 back- 
grounds at finite temperature. For A/" = 1 to remain broken when the temperature is low 
and recover an MSSM-like model, an additional source of spontaneous breaking of super- 
symmetry should be implemented, whose origin may be attributed to the internal fluxes. As 
explained in the introduction, it would be interesting to extend to this context the results of 



Refs 18 - 20 derived in orbifold models. In these works, it is shown that during an "interme- 
diate cosmological era" , where the temperature evolves between the Hagedorn temperature 
and the electroweak scale, the time trajectories of the scale of spontaneous supersymmetry 
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breaking M{t) and temperature T{t) are attracted to a particular solution, where they are 
proportional to the inverse scale factor, M{t) oc T{t) oc l/a{t). Therefore, as the universe 
expands and cools, the hierarchy M <^ Mpianck is dynamically generated. In the process, 
the moduli acquire time dependent masses of order M{ty /Mpianck or M{t). At the end 
of the intermediate era, when the temperature reaches the electroweak scale, the radiative 
corrections of the soft supersymmetry breaking terms at low energy become large and are 
expected to induce the Higgs mechanisms. The latter is accompanied by the stabilization of 



the modulus M{t) at some value of order the electroweak scale 23 ,24 . It is at this epoch 
that the moduli masses should be definitively constant. After the above analysis worked out 
in details, questions about dark matter may be addressed in this setup. 

Finally, toroidal type II compactifications in presence of "gravito-magnetic" fluxes lead to 



thermal models, free of Hagedorn-like divergences 38 . The induced cosmological evolutions 



include bouncing |39j or emerging universes 40 , where no initial singularity is encountered, 
while remaining in a perturbative regime. Therefore, it would be interesting to see if gravito- 
magnetic fluxes can be implemented in (generalized) CY compactifications and possibly 
lead to a theoretical framework able to account for both very early and very late times 
cosmological eras. 
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Appendix A: 't Hooft symbols 

We collect in this Appendix the definitions and useful properties of the 't Hooft symbols. 
They are denoted ?7^"„ and f/™^ {x = 1, 2, 3; u,v = 1, 2, 3, 4), are antisymmetric in u, v, and 
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satisfy 



r/^\ = ^"\ = e^\ {u,v^ 1,2,3), 



V 4 — 'I 4 — , 



(A.l) 



where e^^^ — 1. The indices u, v are equally up or down, since they are raised or lowered by 
Kronecker symbols. In matrix form, the 't Hooft symbols are written as 



/ 1\ 

10 
0-100 

\-l 0/ 

/O -1\ 
10 

0-100 

\i y 

and fulfill the relations 



V 



/O -1 0\ 

1 

10 

\0 -1 0/ 

/O -1 \ 

-1 

10 

\o 1 y 



/ 1 0\ 

-10 

1 

V -1 oy 

/ 10 \ 

-10 

-1 

\o 1 y 



^x^y ^ _§xyj^ _ ^xyz^z ^ -x-y ^ _§xyj^ _ ^xyz-z ^ 

which imply 

ixvj^rf = tr 77^77^ = —45^^. 

Summing over x, they give 

^xt XV ztv^ _ et , t v -xt -xv eto r _ ,t ,v _ 

where e^^^^ = 1. 



(A.2) 



(A.3) 



(A.4) 



(A.5) 



Appendix B: Canonical basis in hyper geometry 

We first recall that the complex structures, metric and hyper-Kahler forms defined on a 
vectorial space take simple forms, when they are written in a canonical base. We then apply 
these properties in the tangent plane at a given point Pq of a quaternionic (or hyper-Kahler) 
manifold. Finally, we find the canonical form of the Killing vectors associated to Abelian 
isometries that fix Pq- 

Theorem 1 : Let V be a 4n-dimensional real vector space supplied with a triplet of 
complex structures {x — 1,2,3), satisfying the quaternionic algebra 

J^jy = -S'^y + 6^2/^^ (B.l) 
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Let V* be the dual of V. Then, there always exists some basis e^^ in V and its dual 9-^^ 
in V*, where A = l,...,n and u = 1,2,3,4, such that the complex structures take the 
following form, in terms of 't Hooft symbols: 

r = -S^v''\eAu^e''\ (B.2) 

Moreover, suppose V is endowed with a metric h, which is Hermitian under the three complex 
structures {x = 1,2,3), 

yv,weV: h{rv,rw) = h{v,w), (B.3) 
and define the triplet of hyper-Kahler 2-forms by 

yv,weV : K'^iv, w) = h{rv, w). (B.4) 
Then, the basis always be chosen orthonormal, 

h = 6AsSuvO-^''^9^\ (B.5) 
and the hyper-Kahler 2-forms take the canonical form 

K' = 15abV:J-^''^0^'^. (B.6) 

Proof : Pick up any non-vanishing vector ei4 G V, and define ei^ = — J^e^. It is 
straightforward to consider an arbitrary linear combination of these four vectors to show 
that they are linearly independent. Denote Vi = Span(eii, ei2, eis, 614) and repeat the 
previous steps by taking a non-vanishing 624 G V\Vi. Apply —J^ on it to define e2x, 
and hence V2 = Span(e2i, 622, 623, 624). After repeating this procedure n times, we obtain 
= Vi © ■ ■ ■ © Vn- It is easy to check that in the basis {A. = 1, . . . , n; u = 1, 2, 3, 4), the 



Kahler forms take the canonical form (B.2) 



Next, defining 0-^" to be the dual basis of V*, we write the metric on V as 

/i = W-^-^"®^^', (B.7) 



and introduce the alternative notation h^'^'^ = hj^^jsv Then, the Hermitian conditions (B.3) 
lead to 

[r;-,/,(-4e)] =0. (B.8) 
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This imphes the real 4x4 matri 



( 



can be written 


as 




fjiAB) 


^(AB) ^(AB) \ 


^{AB) 




_(^{AB) ^{AB) 






^(AB) _^{AB) 






^{AB) ^{AB) J 



(B.9) 



and satisfies 

hiAB)^iBA) ^ ^(AB) ^i^g^g ^(AB) ^ ^^(AB)^ ^ ^^(AB)^ ^ ^^(AB)^ + (^(^B))2_ 



(B.IO) 



In particular, h^-^-^'^ is diagonal with a^-^-^^ > 0, for the metric h to be definite positive. Thus, 
we can always rescale ej^u to effectively set h^-^-^^ = J4. Clearly, such a rescaling does not 



spoil Eq. (B.2). Now, we introduce a scheme that removes the off-diagonal blocks of the 
metric, h^-^^^ for A ^ while keeping the standard form of the complex structures. We 
work this out block by block. 

Take {A, B) = (1,2), and exhibit the relevant part of the metric as 

h 

It is straightforward to see that under the change of dual basis of V* and V , 

0,2 



h 



]1T n2T\ I -'4 



the metric becomes 



h 
O4 



./,{12) 
h 



(61,62) = (e'1,62) 



O4 h 



fB.lll 



(B.12) 



ylT Qi2T\ 



h 
O4 



'1 



O4 

A(i2))J4 



6'^ 

Q,2 



+ 



(B.13) 



while the canonical form of the complex structures (B.2) is conserved, as follows from Eq. 



(B.8). Since Eq. (B.13) and the positive-definiteness of h imply A'-^^-' < 1, it is possible 
to rescale the 6''^"'s to absorb the factor (1 — A^^^-*) in this equation. Again, this operation 
conserves the form of the complex structures. 

Then, we apply the same procedure to eliminate the block {A,B) = (1,3). It is easily 
seen that this procedure does not reintroduce a non-trivial bloc (1,2). In general, one can 
show by double recursion that for ^ = 1, . . . , n — 1 and B = A + 1, . . . ,n, one can get rid 
off the blocks h^-^'^K At the end of this process, the metric is diagonalized, h = ^■^"6'-^", and 



Eq. (B.2) is valid. In this basis, the components of the hyper-Kahler forms are 

Au,Bv = hi3v,CwJ'"^'"Au = SabVIv 



K 



(B.14) 
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Theorem 2 : Let Ai he a quaternionic (or hyperKahler ) manifold of dimension 4n, and 
any given point Pq E Ai. Then, there exists some local coordinates g-^" {A = 1, . . . ,n]u = 



1, 2, 3, 4) such that q- 



\Po 



and the complex structures J^, the metric h and the hyper- 



Kahler forms at Pq are: 



'/ V 



d 



QqAu 



dq 



At! 



Po 



(B.15) 
(B.16) 
(B.17) 



Proof : Consider a chart {U,q^}, where U is an open neighborhood of Pq and q^ some 
coordinate system in U. Let be the coordinates of Pq- Applying Theorem 1 to the tangent 
plane at any point P eU, there exists a vielbein 9-^^ and its dual e^^u in such that 



Av 



We can write 6'-^" = [/"^"a c^Q'^ and e_4u = U~^^au where the matrix ([/"^"a) is invertible 
and depends smoothly on P ElA. The new coordinates in U 



^Au . ttAu 

] .— U A 



Po 



(B.19) 



satisfy Eqs (B.15)-(B.17) and vanish at Pq 



Abelian isometries : In order to describe the charged hypermultiplets sector of an 
Abelian gauge theory, we suppose from now on the manifold Ai in Theorem 2 admits U{1)^ 
isometries with fixed point Pq. Our aim is to find a canonical form for the Killing vectors at 



We know from the first part of Theorem 1 (see Eqs (B.l) and (B.2)) applied to the 
tangent plane at Pq that there is a system of coordinates g-^" in the neighborhood U of Pq 



such that (|B.15|) is satisfied an g = 0. We are interested in metrics on Ai admitting 

, . . . , S) admitting Taylor 



U{1)^ isometries, whose Killing vectors have components kf'^ {i 
expansions of the form 



kf'' = Qf^e,q^^ + 0{q'). 



-^Au ±u „Au 



(B.20) 



By construction, the point Pq is fixed under the action of U{1)^. Moreover, the isometries 
do not mix the components of different hypermultiplets. In other words, the quadruplet 
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^gAi ^ gA2 ^ qA3 ^ gAi^ j^g^g ^ defined charge Q'f under the z*^ U{1). The U{1) generator 



f^y in Eq. (B.20) is determined by the convention to define complex numbers in the affine 



plane at Pq. For instance, the multiplication by the imaginary number i is represented by 
J^, when we combine the g-^"'s into complex numbers q'^^ + iq'^^ and q-^^ + iq-^'^. In this 
case, the infinitesimal U{1)^ transformations 



we want to represent with (Jg-^" = e^kf^ imply t = —ff. 



(B.21) 



A question then arises. Is the first order form of the Killing vector (B.20) conserved 



when we diagonalize /i, while keeping the canonical form of the complex structures at 
Pq? The answer to this question is yes, due to the fact that the metric h must satisfy Killing 
equation 



hAu,Cw Dsykf"^ + h^y^cw Djs.uk'l^ — 0, 



(B.22) 



where D denotes the covariant derivative on A^. At order zero in g-^", this relation becomes 



L I f^B -t-U I I, I f)A J.W 

'''Au,Bw\pgWi V ' '''Bv,Aw\pg u 



(B.23) 



To diagonalize the hermitian metric h without spoiling the form of Eq. (B.15), we saw in 



the proof of Theorem 1 that we can set the blocks h^-^-^^ = 1^ and eliminate successively all 
non-diagonal 4x4 blocks h'^-^^'> [A ^ B) of the metric by performing a sequence of changes of 
basis. These changes of bases for blocks h^-^-^^ are only rescalings of the g-^"'s which certainly 
conserve the form of the first order expansion of the Killing vectors k^^dcw For the blocks 
h^^^^ with A<B, they are of the form 



-,A 



h 
O4 



.h(AB)\ 



Po 



^iB 



d d 



dq-^' dq^ 



d d 



Qq>A^ Qq>A 



h 
O4 



^{AB) 



Po 



(B.24) 



which conserve the first order form of k^'^dcw as well, as can be checked using Eq. (B.23) 



To summarize, we have shown that there exists a system of coordinates g-^" on Ai such that 

.4m I 



q- 



and Eqs (B.15)-(B.17) and (B.20) are statisfied 
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Appendix C 



Theorem 3 : Let be a quaternionic manifold of dimension 4n and the connection 
of the associated SU{2) principal bundle. The fiber bundle over Ai, whose fibers are triplets 
of SU{2), does not admit non-trivial local parallel sections. In other words, the equation 







(C.l) 



in an open subset U oi Ai has only the solution = 0. 

Proof : We carry out a point-wise proof. For any given point Pq E U, we consider the 



coordinate system g-^" of Theorem 2 and write Eq. (C.l) as 



MP eU: 



dq- 



Au 



0. 



(C.2) 



Taking the partial derivative d/dq and antisymmetrizing in [Au^Bv) yields 



xyzQy TZ 



(C.3) 



where Vt^ = duj^ + ^e^y^uj"^ A uj^ is the curvature 2-form of the S'?7(2)-bundle. Since Ai is 
quaternionic, we have = XK^, where A is a non- vanishing constant. Given the fact that 



K^\p^ satisfies Eq. (B.17), we obtain e^^^rj^^ ^^\po ~ ^- Multiplying with rj^^^ and summing 



over X and u, Eq. (A.3) leads to r]^'^yL^\p^ = 0. Multiplying with r]^'"w and summing over 
w and f , our desired result L^' 



I — is obtained using Eq. (A.4). 
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